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Exploring Data

by Graphical Methods
Statistical thinking will one day be as necessary for e� cient citizenship as

the ability to read and write.
H.G. Wells
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p Graphical methods of summarizing data,
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charts, bar charts, frequency histograms, and
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p How to use a density histogram to summarize
the shape of a data set

p How to recognize misleading graphical
descriptions of data

p Simpson's paradox

1.1 THE SCIENCE OF STATISTICS 5
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KEY PROBLEM
Will the Real Author Please Stand Up?

It can be very important to �nd out who actually wrote a book ordocument. After billionaire Howard Hughes
died, several di� erent wills came to light, and the courts had to decide which one was actually written by Hughes.
Other questions of authorship may not have as much money riding on them but are very interesting. For example,
various scholars have suggested that some or all of the playsand poems attributed to William Shakespeare were
actually written by Sir Walter Raleigh, Sir Francis Bacon, or the 4th Earl of Oxford.

Davy Crockett (1786–1836) is now a legend of the American frontier, but between his days as a pioneer and
hunter in Tennessee and his death in battle at the Alamo during the Texas War of Independence, he also served in
the U.S. Congress. There he opposed President Andrew Jackson's plans to seize the lands of the Native Americans
east of the Mississippi that had been granted by treaties anddeport the people along the Trail of Tears to what is
now Oklahoma. Two books were published in Crockett's name inthe 1830s in support of his political activities,
and another was published in his name after his death about his experiences in the Texas Revolution. Scholars
have doubted whether the frontiersman actually wrote the books, because he did not learn to read and write until
his early 30s. They especially doubted that he wrote the Texas war memoir, which lacks the plain-speaking style
that Crockett was admired for.

How can we identify the author of a text that was published more than a century ago? We cannot cross-examine
possible authors in court. We may not have any evidence except the words of the text in question and other texts
known to have been written by the various possible authors. By using statistical techniques, we may be able to
determine whether the text in question was written by the same author as one or another of the known texts.

Statisticians Frederick Mosteller and David Wallace invented a method that uses a set of words called “con-
tentless” because they can be used anywhere in a piece of writing (see Table 1.1). Researchers count the rates
at which each of these words occurs in the text in question andin the writing samples for which authorship is
known and compare the patterns of these word counts. If the distribution of the rates of these words in the text in
question is very di� erent from the distribution in a sample known to be written bythe author, the text in question
was probably written by someone else. Mosteller and Wallace�rst used their method to conclude that 12 of the
Federalist Papers(a set of 85 essays in support of the U.S. Constitution, published during 1787 and 1788 under
the pen name “Publius”) had been written by James Madison rather than Alexander Hamilton.

David Salsburg and Dena Salsburg applied the method of Mosteller and Wallace to the three books attributed
to Davy Crockett:A Narrative of the Life of David Crockett, Written by Himself(calledNarrativefor short);An
Account of Col. Crockett's Tour of the North and Down East(calledTour); andCol. Crockett's Exploits and
Adventures in Texas(calledTexas). As a comparison sample, Salsburg and Salsburg used Crockett's speeches in
Congress. Only 9 of the 30 contentless words were used consistently in each of the four texts. Their distributions
are shown in Table 1.2.

At �rst glance the di� erences among texts do not look very great. But one notes thatthe frequencies ofto and
this are lower inTexasthan in theNarrative, theTour, and the speeches; the frequency ofan is much higher in
Texasthan in others. These di� erences suggest that Crockett could have writtenNarrativeandTour and may not
have writtenTexas. But this is only a vague impression!
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Table 1.1 Contentless Words

according considerable probability
also direction there
although enough this
always innovation though
an kind to
apt language upon
both matter vigor
by of while
commonly on whilst
consquently particularly works

Source:D. Salsburg and D. Salsburg. 1999. Searching for the
“real” Davy Crockett.Chance.12 (2, Spring): 31.

Table 1.2 Rates of Contentless Words (per 1000
Total Words) in Texts Attributed to Davy Crockett

Word Narrative Tour Texas Speeches

also 0.75 0.32 0.41 0.51
always 0.13 0.79 0.55 0.00
an 2.63 2.21 4.93 2.54
both 1.00 0.47 0.14 0.00
there 3.75 4.90 3.43 1.52
this 4.75 5.22 2.60 7.10
though 0.25 0.00 1.51 0.00
to 36.79 33.21 28.78 30.93
while 1.13 0.63 0.68 2.54

Source:Ibid, 32.

Applying a statistical hypothesis-testing (hypothesis testing is covered in Chapter 9) technique to these word
distributions, Salsburg and Salsburg found that theNarrative, the Tour, and the speeches were very possibly
written by the same person, but thatTexaswas most likely written by someone else.

Salsburg and Salsburg were carefulnotto say, “Davy Crockett wrote theNarrative,theTour,and the speeches.”
Such a statistical inference would have gone beyond what their statistical methods could reliably tell us. At most
we can say that if Crockett composed the speeches, he could well have written theNarrative and theTour but
probably did not writeTexas.

The underlying concepts and methods of such statistical inference are the central focus of this book. The
science of statistics is essential: Statistical reasoningenables us to draw conclusions based on data patterns that
are often hidden from the statistically uninformed observer of the data. It also forces us to not exceed the limits
of what we can determine from the data. Author identi�cationproblems usually involve both of these aspects.

1.1 THE SCIENCE OF STATISTICS

As a science,statisticsis the discipline of gathering data, describing data, and drawing conclu-statistics
sions (statistical inferences) from data.Data are pieces of information obtained by counting,data
measuring, or categorizing, using some kind of observational process. In this book we will
study the basic ideas in statistics and learn how to obtain, summarize, and interpret data.

Statisticsalso refers to numbers that somehow inform us about the worldaround us. Forstatistics
example, a baseball fan might consider Barry Bonds's 73 homeruns in 2001 an interesting
statistic. The wordstatisticsoriginally meant the kind of information that a state (i.e.,a
government) can use in managing public a� airs. Accordingly, all around us there are statistics
about taxes collected, prices of goods, weather patterns, and so forth.

The daily newspaper is �lled with statistics, presented in many clever ways, about topics
ranging from sports and entertainment to politics and health. Here are some examples of
statistics in both senses of the word: as numerical information and as the science of reasoning
statistically from data to reach conclusions about the unknown character of the real world (this
is known asstatistical inference).statistical inference
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Statistics in Real-World Studies

The Rise in Undergraduate Tuition On April 2, 2006, a front-page article inThe Ann
Arbor Newswas titled “U-M budget gap drives tuition.” The article discussed how tuition at
the University of Michigan had increased at a much faster pace than the in�ation rate from
1990 to 2005. The rise in annual tuition was illustrated by the graph in Figure 1.1.

The reason given in the article for the increase in tuition was that the university budget grew
steadily over the past 15 years but state funding did not keeppace and, in fact, declined over
the last 5 years. This was illustrated by the graph in Figure 1.2. The article noted that whereas
the university budget had increased 115% since 1990, state funding had only increased 28%
and had not even kept pace with in�ation. As a result the university relied more and more on
tuition and student fees. In the 2005–2006 school year tuition and fees paid for nearly 60%
of the university budget, compared to 46% in 1990–1991. Thiswas illustrated by the graph in
Figure 1.3.

Statisticians look for patterns in data and attempt to link di� erent trends, such as the in-
crease in tuition at state schools and the decrease in state funding for education.

SONIA L. GOTTFRIED, THE ANN ARBOR NEWS

$9,213.38

$3,502.24

Source: University of Michigan 

Õ90 Õ91 Õ92 Õ93 Õ94 Õ95 Õ96 Õ97 Õ98 Õ99 Õ00 Õ01 Õ02 Õ03 Õ04 Õ05

U-M BUDGET GAP DRIVES TUITION

Tuition up 163% since 1990

while inflation rose only 49%

Figure 1.1 Annual in-state tuition at the University of Michigan from 1990 to 2005
(Source: The Ann Arbor News, April 2, 2006. All rights reserved. Reprinted with
permission).
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SONIA L. GOTTFRIED, THE ANN ARBOR NEWS

Source: University of Michigan budget 

BUDGET GROWTH COMPARED TO STATE APPROPRIATIONS

Growth of the University of MichiganÕs general fund budget has continued

even as the amount of state appropriations has declined in recent years.

1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005

$1,220,485,312

$568,493,861

General Fund

State appropriation

$316,368,500

$247,292,861

Figure 1.2 University of Michigan's budget and state funding from 1990 to 2005
(Source: The Ann Arbor News, April 2, 2006. All rights reserved. Reprinted with
permission).

SONIA L. GOTTFRIED, THE ANN ARBOR NEWS

43.5% State 
appropriation

25.9% State 
appropriation

U-M REVENUE SOURCES

StudentsÕ tuition money and fees pay for a significantly larger 
share of U-MÕs general fund budget today than a decade ago, 
as state appropriations have dropped.

1990Ð1991
 2005Ð2006


Total: $1,220,500,000
Total: $568,500,000


2.3%

Other**

8.0%

Indirect cost 

recovery*

46.1%Tuition 

and fees

59.4%

Tuition and fees

1.3%

Other**

13.6%

Indirect cost 

recovery*

Note: Percentages do not add up to 100% due to rounding.

* Indirect cost recovery: refers to reimbursement for indirect research costs, such as   
laboratory utilities and administrative expenses.

** Other: includes income from investments and departmental activities.

Source: University of Michigan budget documents

Figure 1.3 Revenue sources for the University of Michigan in 1990–1991 and in
2005–2006 (Source: The Ann Arbor News, April 2, 2006. All rights reserved. Reprinted
with permission).
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“American Idol” Hits Record Heights On March 21, 2006, a record 33.36 million TV
viewers watched Fox's 2-hour installment ofAmerican Idol.That week's second-most-watched
program was a half-hour installment ofAmerican Idolwhich drew 27.68 million viewers, fol-
lowed byDesperate Housewiveswhich had 21.41 million viewers, according to �gures re-
leased by Nielsen Media Research a week later. These numbersare onlyestimates. Nielsenestimates
did not obtain information from the entirepopulation, only from asampleof approximatelypopulation, sample
25,000 metered households. The Nielsen TV households are a cross section of households
from all over the United States, carefully selected so that the viewing habits of the 25,000
sample households mirror the viewing habits of the more than100 million households in the
United States. In Chapters 7 and 8 we shall discuss how a surprisingly small but carefully
selected sample can give quite accurate information about the much larger population the
sample was drawn from.

Is Co� ee Bad for Your Heart? Some medical studies in the 1970s found a connection
between co� ee drinking and heart disease: The rate of heart disease was higher for cof-
fee drinkers than for nondrinkers. Did this mean that co� ee drinkingcausesheart disease?
Further studies revealed that the co� ee drinkers smoked more than the nondrinkers. It was
smoking that contributed to the co� ee drinkers' risk of heart disease, not the co� ee. In Chap-
ter 3 and 7 we shall discuss how statisticians investigate whether there is acause-and-e� ectcause-and-e� ect
relationship between atreatment (such as co� ee drinking) and aresponse(such as hearttreatment, response
disease).

Does More Math Mean More Money? One of the most extensive studies ever made of the
careers of high school graduates con�rms the conventional wisdom that those who take more
mathematics courses earn considerably more in the marketplace (Education Week,Jan. 11,
1989, 9). On the surface, it seems plausible that taking moremath courses should increase
one's earning potential. On the other hand, other characteristics of those who take lots of math
(such as having the motivation to take on a di� cult challenge, or being of high intelligence)
may be the major causes of their higher incomes. Therefore, taking more math courses might
not be thecauseof higher earning potential. The science of statistics can tell us when two
quantities are statisticallypositively associated—that is, they are large or small together. It ispositively associated
dangerous and incorrect, however, to conclude automatically that an increase in one quantity
causesan increase in the other (see also Section 3.4 and the lung cancer/smoking debate in
Chapter 7).

Want to Avoid a Cold? Don't Get Stressed Out! Survey research carried out in England
indicates that persons under stress have a greater tendencyto catch a cold than those who
are not stressed (Psychological Stress and Susceptibilityto the Common Cold.New England
Journal of Medicine,Aug. 29, 1991, 606–612). Provided the experimental work that pro-
duced these data was done properly, it may be valid to conclude that stress increases one's
susceptibility to colds. For example, did the study balanceout or adjust for other factors
that make catching a cold more likely and that go together with being stressed? If not, these
other factors (such as lack of exercise or poor diet) could bethereal cause of stressed people
catching more colds.

Do Headaches Run in the Family? If you su� er from migraine headaches, perhaps blame
your genes: Migraine headaches may be a hereditary condition. Data show that if both the
father and mother have had them, then a son or daughter has a 75% chance of migraines. If
only one parent has had migraine headaches, data show that the chance of the condition oc-
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curring in o� spring is 50%. Even having distant relatives with migraine headaches increases
the risk of having them by about 20% over the general population rate. Of course, concluding
from these data that heredity causes migraine headaches is risky. For example, stress in the
family environment could really be causing migraine headaches to occur more frequently in
all family members. For that matter, the parents' frequent migraines could put stress on the
family that then contributes to the children having migraine headaches (Headway,vol. 3, Dec.
1993).

All of these news items deal with topics of general interest.Each contains numerical
information (i.e., statistics) or presents statistical inferences drawn (rightly or wrongly) from
numerical information. Here are some questions these statistically based discussions may
help us with:

n Entertainment:The popularity of one TV program as contrasted to another, such as
“American Idol” versus “Desperate Housewives”

n Health: The relationship between stress and susceptibility to colds

n Economics:Whether the study of mathematics may increase one's earningpower

We've said that statistics is the discipline of gathering numerical data, describing these data,
and drawing conclusions from the data. It can help us answer questions such as:

n Does the future economic growth of the United States depend on continued immigra-
tion?

n Why do casinos make a pro�t at roulette?

n How accurately can a person's future income be predicted from his or her education?

n How do medical researchers determine whether a new drug works or not?

n How accurately can a poll of 1500 randomly selected eligiblevoters predict the outcome
of an election?

This book contains many examples of the statistical analysis of real data sets as well as the
basic ideas and techniques of gathering, describing, and analyzing data. After studying this
book, you will be able to draw from data sound conclusions that are not necessarily obvious
to the casual observer. Further, you will often be able to tell when the reported conclusions
of a study cannot be trusted to be valid, in spite of a glitzy graph or compelling words to the
contrary.

The techniques of graphically representing data and numerically summarizing them with
appropriate statistics in ways that make it easy to recognize the essence of the information
in the data are calleddescriptive statistics. On the other hand, the techniques used to drawdescriptive statistics
conclusions from data using the theory of probability and the methods of statistics are called
inferential statistics. Good inferential statistics often needs to be preceded by agood de-inferential statistics
scriptive statistical analysis of a data set. This textbookpresents both of these aspects of the
discipline of statistics.

This chapter presents some commonly used graphical techniques of descriptive statistics,
beginning with the dotplot. The last section will cover someof the common ways in which
the techniques of descriptive statistics have been abused to makemisleadingpresentations.

We will �rst introduce some terminology and consider the di� erent types of statistical data
we are going to study.
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Individuals and Variables Thepopulation in a statistical study is the collection of objectspopulation
or individuals of interest. The population members are calledunits or subjects(if the popula-units

subjects tion consists of people). We are interested in certain attributes or characteristics that vary from
one individual to the next. For example, eye color, height, and number of siblings vary from
person to person. A corporation's pro�t varies from quarterto quarter. The bond rating (AAA
through C) varies from corporation to corporation. Such characteristics of people or other
units of interest that vary from one individual to another are calledvariables. Some vari-variables
ables such as height and number of siblings take numerical values and are callednumericalnumerical
or quantitative. Numerical variables may be discrete or continuous. Acontinuous variable,

quantitative
continuous variable

such as height, can be any value in a given range. Adiscrete variable, such as number of
discrete variable siblings, can only be certain distinct values, in this case 0, 1, 2, 3, and so on. No value in

between the distinct values is possible. A variable such as eye color cannot be expressed as a
number. Such variables are calledqualitative or categorical. We call a categorical variablequalitative

categorical ordered categoricalor ranked if the categories imply some order or relative position. Mili-
ordered categorical
ranked

tary rank, for example, is an ordered categorical variable.Corporate bond rating is an ordered
(or ranked) categorical variable taking on the orderedlevels: AAA, AA, A, BBB, BB, B,

levels CCC, CC, and C (using S&P rating from highest to lowest).
We shall give a couple of examples in which we identify the individual units of interest,

the type of variable of interest, and the possible values forthe variable.

n If we are looking at the highest elevation (in feet) for each of the 50 states in the United
States, then the individual units of interest are the states. Elevation is a numerical
variable. It is a continuous variable, but when we round it tothe nearest value in feet,
elevation becomes a discrete variable with values between� 282 feet (in Death Valley)
and 20,320 feet (Mt. McKinley).

n If we are looking at the size of households in the United States, then the individual
units of interest are the households. Household size is a discrete numerical variable
with possible values 1, 2, 3, 4, . . . , and so forth.

n If we are looking at the letter grades of the students in a statistics class, then the individ-
uals are the students. Letter grade is a ranked categorical variable with ordered levels:
A+, A, A–, B+, B, B–, C+, C, C–, D+, D, D–, and F.

As well as describing variables, the terms numerical, categorical, ordered categorical, dis-
crete, and continuous are also used to describe data.

The pattern of variation of data for a variable in a study is called its distribution . It isdistribution
usually described by a table, graph, or formula that tells uswhat values the variable takes and
how often they occur. Distributions provide the shape of a data set, such as being bell-shaped.

Section 1.1 Exercises

1. In each of the following examples, identify the individuals/units of interest, the variable of interest, the type of
variable, and indicate the possible values of the variable.
a. A public opinion poll asks a representative cross section of1541 adults whether they favor a constitutional amend-

ment banning same-sex marriages.
b. A car buyer compares the highway mileage (miles per gallon) of several car models.
c. A population survey �nds that 60% of American adults are married, 23% have never been married, 7% are

widowed, and 10% are divorced.
d. A weigh station along the freeway weighs all passing trucks.
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e. A study is conducted to �nd out whether weekend binge drinkers cause more fatal automobile accidents than
everyday drunks. The study looks at 185 fatal-accident reports involving drunk drivers and notes the day of the
week each accident occurred.

f. A blood bank records the ABO blood type and Rh factor (O+, for example) of each donated unit of blood.
g. In 1882 Simon Newcomb conducted an experiment to determine the speed of light. Sixty-six times he measured

how long it took a light beam to travel a known distance from his laboratory on the Potomac River across the river
to a re�ecting mirror at the base of the Washington Monument and back.

2. Classify each of the following variables as either nonranked categorical, ranked categorical, discrete numerical, or
continuous numerical.
a. race
b. weight
c. sex
d. religious preference
e. age
f. employment status (employed, unemployed, not in the labor force)

g. family size
h. marital status (married, never married, widowed, divorced)
i. college degree (bachelor, master, doctor)
j. Olympic medal (bronze, silver, gold)

3. Classify each of the following variables as either discreteor continuous numerical, nonranked categorical, or ranked
categorical.
a. blood type
b. grade-point average
c. IQ
d. number of children
e. occupation
f. state in which a person's legal residence is

g. systolic blood pressure
h. letter grade in a college course
i. college major

4. Charles Darwin conducted an experiment to determine whether cross-pollinated plants (i.e., another plant is involved
in the breeding of a seedling) or self-pollinated plants (seedling produced without genetic in�uence of another plant)
have greater vigor. Darwin took 15 pairs of seedlings, each pair matched by age. One seedling in each pair was
produced by cross-pollination and the other by self-pollination. The members of each pair were grown in as nearly
identical conditions as possible. The following data show the �nal height (in inches) of each plant after a �xed period
of time.
a. What is the fraction of the 15 pairs of seedlings for which thecross-pollinated seedlings exhibited greater growth

than self-pollinated seedlings?
b. What seems reasonable to infer statistically from the data?
c. Identify the three major components of the science of statistics in the statement of the problem and in your

answers to parts (a) and (b).
d. If you had the option of purchasing peas guaranteed to have been produced by cross-pollination, what would your

decision be as a result of your (informal) statistical analysis conducted in part (b)?
e. What general name does this chapter use for the kind of numbercomputed in part (a)?
f. Suppose the fraction had been 9/15 in part (a). Is your decision in part (b) then obvious? The lesson: We need to

understand how to do statistical inference when the data do not give us an obvious answer. That is one reason for
studying this textbook.
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Pair Cross- Self-
number pollinated pollinated

1 23.5 17.4
2 12 20.4
3 21 20
4 22 20
5 19.1 18.4
6 21.5 18.6
7 22.1 18.6
8 20.4 15.3
9 18.3 16.5

10 21.6 18
11 23.3 16.3
12 21 18
13 22.1 12.8
14 23 15.5
15 12 18

Source:Charles Darwin. 1976.The E� ect of Cross- and Self-Fertilization
in the Vegetable Kingdom,2nd ed. London: John Murray.

5. A survey was conducted by theBritish Medical Journalto study the relationship between snoring and heart disease.

Heart Occasional Snore nearly Snore every
disease Nonsnorers snorers every night night Total

Yes 24 35 21 30 110
No 1355 603 192 224 2374
Total 1379 638 213 254 2484

Source:P. G. Norton and E. V. Dunn. 1985. Snoring as a risk factor for the disease: An epidemiological survey.British Medical
Journal,291: 630-632.

a. Which of the four categories of snorers is most prone to heartdisease?Hint: Would it be right to say that
occasional snorers are most prone to heart disease because out of the 110 persons who have heart disease, the
greatest number (35) are occasional snorers and no other category has such a high number of snorers with heart
disease? Explain.

b. Is there any kind of relationship between the degree of snoring and being prone to heart disease?
c. Suppose a behavioral psychologist tells a person who snoresoften that he can condition him not to snore. Is this

likely to reduce that person's risk of heart disease? In other words, is it plausible that snoring is the cause of
heart disease? If you do not think so, give another possible explanation of why frequent snorers have more heart
disease than infrequent snorers.

6. The following data show the brain weights (in grams) and bodyweights (in kilograms) of selected animals (extant
and extinct).
a. Rank the animals from largest to smallest according to the body weight and then do the same for the brain weight.

(For example, the African elephant ranks fourth (rank= 4) in body weight but �rst (rank= 1) in brain weight.)
b. Are the two rankings positively associated?
c. Do you notice that a certain group of animals seems very di� erent in the closeness of matching of their ranks?

(Statisticians call data points that are very di� erent from the main body of the dataoutliers.)
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Species Body weight (kg) Brain weight (g)

Mountain beaver 1.35 8.1
Grey wolf 36.33 119.5
Guinea pig 1.04 5.5
Diplodocus 11,700 50
Asian elephant 2547 4603
Potar monkey 10 115
Gira� e 529 680
Gorilla 207 406
Human 62 1320
African elephant 6654 5712
Triceratops 9400 70
Rhesus monkey 6.8 179
Mouse 0.023 0.4
Rabbit 2.5 12.1
Jaguar 100 157
Chimpanzee 52.16 440
Brachiosaurus 87,000 154.5
Rat 0.28 1.9
Mole 0.122 3

Source:H. J. Jerison. 1973.Evolution of the Brain and Intelligence.New York: Academic Press.

7. The table below gives the road distance and the shortest distance between 15 di� erent pairs of points in a city. Plot
the data on graph paper and discuss the nature of the relationship between the road and the shortest distance in this
city. Why do the points not all lie on a straight line?

Road distance Shortest distance Road distance Shortest dis tance

5.1 4.3 10.4 7.9
5.8 5.2 9.5 6.4

11.1 9.5 10.3 7.7
6.6 4.1 4.2 3.5
5.9 4.3 3.8 3.4
2.3 1.7 10.5 8.2
9.2 7.8 7.0 4.2
5.9 4.3

8. A survey interviewed a representative cross section of several hundred Canadians, asking about their level of edu-
cation and their level of participation in physical activity. “Active” persons were de�ned as those taking part in 3 or
more hours of physical activity per week for 9 months or more during the year.

Amount of education Percentage who are active

Elementary school only 41
Some secondary school 53
Secondary certi�cate or diploma 58
University degree 63
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a. What relationship do you see between educational level (a ranked categorical variable) and physical activity?
b. Between which twoconsecutiveeducational levels was the increase in percentage of physical activity the largest?

9. Infant mortalityin the following table refers to the number of infants who dieduring the �rst year of life per 1000
live births. Life expectancyis the number of years, on average, that an infant can expect to live. Here are the infant
mortality and the life expectancy rates in the United Statesfor people born in the years 1920 through 2000:

Year of birth Infant mortality Life expectancy

1920 86 54
1930 65 60
1940 47 63
1950 29 68
1960 26 70
1970 20 71
1980 13 74
1990 9 76
2000 7 77

a. Look at infant mortality throughout the years. What trend doyou see?
b. What trend do you see for life expectancy?
c. Which improved more dramatically from 1920 to 2000, infant mortality or life expectancy?
d. What may be a cause of both of the trends you see?
e. Can we conclude that lowering infant mortality is the sole cause of the increase in life expectancy?

1.2 DISPLAYING SMALL SETS OF NUMBERS: DOTPLOTS
AND STEM-AND-LEAF DISPLAYS

The simplest way to visualize a small set of numbers is to construct adotplot—a plot thatdotplot
displays a set of data on a number line by using a dot to represent each member of the data
set. If multiple values in the data set are the same, they are stacked vertically in the dotplot.

Example 1.1 Heights of 11-Year-Old Girls

Eleven-year-old Julie is short for her age. She is only 138 cmtall (about 4 1/2 feet tall).
Should her parents worry that she is not growing properly? Table 1.3 gives the heights of a
representative sample of forty 11-year-old girls.

Looking at Table 1.3 it is di� cult for us to tell whether Julie is unusually short or just
short. We have to display these numbers graphically. The simplest way to represent 40 heights
graphically is to construct a dotplot.

The data in Table 1.3 are displayed as a dotplot in Figure 1.4.Each observation is repre-
sented by a dot. The dotplot reveals that 2 of the 40 girls in the sample were shorter than Julie.
So although Julie is short, her height is within the normal range.

The dotplot reveals a lot about the data in Table 1.3. For example, we see that half of the
girls in the sample were shorter than 147.5 cm and half were taller than 147.5 cm. We express
this fact by saying that the median height of the girls in the sample is 147.5 cm. (see Section
2.1). In Figure 1.5 we have superimposed a smooth curve on thedotplot indicating the overall
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shape of the height distribution. The smooth curve helps us focus on the overall pattern of the
data by ignoring minor accidental deviations from the overall pattern.

Table 1.3 Heights (cm) of Forty 11-year-old Girls

144 152 147 146 151 145 142 148
146 141 160 148 153 150 149 139
157 138 146 144 155 148 149 135
137 158 142 152 145 150 156 147
143 151 150 147 144 153 146 149

Height (centimeters)

145 150 155 160140135

Figure 1.4 Dotplot for the data in Table 1.3.

Height (centimeters)

145 150 155 160140135

Figure 1.5 Heights of 11-year-old girls with curve.

Dotplots work well for many small sets of numbers that, like the data in Table 1.3, (a) have
repeated values and (b) are not too spread out. The dotplot helps us discover and display the
pattern of variation or distribution of the data.

Another graphical tool for describing the distribution of asmall set of numbers is thestem-
and-leaf plot (also called astemplot). Such a plot is a mixture of a table and a graph.stem-and-leaf plot

stemplot
Example 1.2 Luminosities (Brightnesses) of Stars

Table 1.4 lists 40 stars in a certain section of the sky in the constellation Taurus. (They were
selected from the stars that can be seen without a telescope in that part of the sky; they are the
ones whose distances from Earth are known most accurately.)Quite possibly this sample of
stars can be viewed as representative of the population of all visible stars. If so, properties of
the sample can be inferred to be approximately true for the population of all visible stars.
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Table 1.4 Star Luminosities

Luminosity Luminosity
Star ID (Sun = 1) Star ID (Sun = 1)

18735 7 20661 4
19038 43 20711 34
19076 1 20713 29
19261 7 20842 9
19877 5 20877 29
19990 7 20885 53
20087 13 20889 67
20205 60 20894 71
20219 9 20901 18
20255 6 20995 9
20261 14 21029 19
20284 6 21036 11
20400 8 21039 10
20455 53 21137 6
20484 10 21273 23
20542 19 21402 33
20614 8 21421 138
20635 35 21459 6
20641 12 21588 8
20648 30 21589 32

The numbers in the left (and third) column in the table were used by software on the
satellite Hipparcos to identify the stars and have no meaning for us. The right (and second)
column shows how much light each star puts out in comparison to our own star, the Sun. For
example, star 18735 puts out seven times as much light as the Sun does. That is, if it were
the same distance away from Earth as the Sun is, it would appear seven times as bright as the
Sun does. Astronomers call this number the luminosity. These numbers are rounded to the
nearest integer; to illustrate, a star with a measured luminosity of 0.79 would be listed with
luminosity 1 in this table.

The stars are listed in order of their identi�cation numbers. Thus, such a table is not
designed to enable us to see important patterns in the data. We cannot easily see how the
luminosities are grouped or any special characteristics oftheir distribution: For example, are
they tightly clustered around one value, or are they spread out over a wide range of values? In
other words, what is the pattern of variation of the data? Arethere any highly unusual values
(i.e., much di� erent from the majority of the values)? We cannot easily tellfrom the table.
We would have to reorder the data at least.

p p p p p p p p p p p p p p p p p p p p p

A stem-and-leaf plot is a way of listing a data set that displays the basic distribution or
pattern of variation of the data. It is easy to construct and makes the data easier to interpret.
This way of organizing data was developed by John Tukey, the founder of a modern approach
to descriptive statistics calledexploratory data analysis (EDA).exploratory data

analysis (EDA) Here we present only the simplest method for constructing a stem-and-leaf diagram. Vari-
ations of this method enable us to decrease or increase the number of stems as is sometimes
desirable (see, for example, the textbook entitledThe ABCs of EDAby Velleman and Hoaglin).
These techniques are beyond the scope of the textbook.
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Constructing a Basic Stem-and-Leaf Plot
The starting point for constructing a stem-and-leaf plot isa table of the numbers whose distri-
bution (shape) we wish to display. Suppose we wish to displayall of the individual values as
well, because those values are also interesting in additionto the general shape. This dual goal
of wanting to display the general shape of the data while retaining all of the individual values
sometimes arises, for example, when one examines sports data. Some athletes have superb
lifelong careers, performing at a high level for many years,whereas other athletes have brief
moments in the sun, when they really shine, and then rapidly fade away. A stem-and-leaf
plot can clearly contrast the two types of careers. We will consider Roger Maris's career as
a Major League Baseball home run hitter and, in particular, construct a stem-and-leaf plot to
see whether he falls clearly into either of these two categories. Consider the raw data of the
number of home runs per year, ordered from year to year for his12 years as a Major League
Baseball player:

14 28 16 39 61 33 23 26 8 13 9 5

In a stem-and-leaf plot every value to be plotted is represented by itsstemand itsleaf. Thestem
leaf basic idea is that the last digit (farthest to the right) of a number provides its leaf and the rest

of the number (all numbers to the left of this last digit) supplies the stem. To illustrate:

138 yields a stem of 13 and a leaf of 8

33 yields a stem of 3 and a leaf of 3

9 yields a stem of 0 and a leaf of 9

To construct the simplest kind of stemplot, this is all you have to know about �nding the stem
and leaf of a number. Let us apply this knowledge and build thestem-and-leaf plot for the
Maris career home run data. Clearly the stems run from 0, 1, . .. , 6. We create a stem column
that has as entries 0, 1, . . . , 6. To the right of it we create a leaf column, where we will list the
leaves of all numbers having the same stem, separated by commas.

Let us deal with the numbers with stem 1, namely the data points 13, 14, 16. We obtain

Stem Leaf

0
1 3, 4, 6
2
3
4
5
6

This completes the tens row. Now we simply do the same for all of the other stems to
complete the stemplot.
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Stem Leaf

0 5, 8, 9
1 3, 4, 6
2 3, 6, 8
3 3, 9
4
5
6 1

This graphical approach (in the sense that it displays the shape of the data) is often very
useful. It shows at a glance the general shape of the data while retaining the values of each
individual data point. For example, any visual representation of the Maris home run data that
fails to identify the value 61, which at that time broke Babe Ruth's record of 60 home runs in
one season, loses much of its interest. From the view of doingdescriptive statistics, we see
from the stemplot that over his career Maris fairly uniformly hit home runs in the 5–39 range
and that 61 is an extreme value, called anoutlier by statisticians, that made Roger Marisoutlier
famous. It would be interesting to compare the stem-and-leaf plot with that for Babe Ruth's
home run career. We shall do so in Exercise 3.

Because each data value is represented by a one-leaf digit, the length of the string of leaves
is proportional to the total number of data items that fall within that stem. This visual prop-
erty, displayed in the Maris stem-and-leaf plot, is why stem-and-leaf plots show us the shape
(distribution) of the data. Useful stem-and-leaf plots usually have between 5 and 15 stems,
with larger data sets allowing the use of more stems.

Let's return to the star luminosity data of Table 1.4. Here ishow the stem-and-leaf plot can
be constructed for this data set. A brief inspection of Table1.4 shows that the values range
from 1 to the 70s, with one highly unusual value of 138. It is standard practice in a stemplot to
list unusual values (outliers) separately, putting unusually small values in a group labeled LO
at the top and unusually high values in a group labeled HI at the bottom of the stemplot. So,
grouping the data by tens (0–9, 10–19, etc.), we will have eight stems, which is a reasonable
number. Now we write down the list of the stems. We start with a0, which stands for the
group of stars whose luminosities are less than 10 times the Sun's, namely in the range 0–9.
In the next row we put a one for the group having luminosities from 10 to 19 times the Sun's,
and so on.

Then we start making the leaves. Let's start with the �rst twostars in the table:

Star 18735 luminosity 7 times the Sun's

Star 19038 luminosity 43 times the Sun's
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We list those two data points as shown in the stemplot below. That is, for star 19038 with
its luminosity of 43, we separate the 4, the stem part (which in this table stands for 40), from
3, the leaf.

Stem Leaf

0 7
1
2
3
4 3
5
6
7

To read stem-and-leaf plots correctly, in general, we need akey. We write a key under the
table:

Key: “4 3” stands for a luminosity 43 times that of the Sun.

The key tells us that in this table the stems are put in the tensplace and the leaves are put in
the units place. When you make a stem-and-leaf plot, you should always provide a key. For
example, in another application “4 3” might stand for 0.043 or 4300: The key is needed to tell
us which.

After the rest of the data are added, the completed stem-and-leaf plot is presented in Table
1.5. Notice that we have put the leaves of the table in order. That is a desirable step, and it is
easy to do, especially by computer.

The unusual value, or outlier, is listed below the main portion of the table. If there were
another outlying large value (say, 3100) we would have written “HI 138, 3100.” If there were
an outlying small value (which would not happen in this problem) we would have written it
in a group labeled “LO” above the main portion of the table.

A stem-and-leaf plot has two very attractive properties. First, it shows the shape of the
distribution of the dataat a glance. We can see therange of the data (between 1 and 138,range
with all the values falling between 1 and 71 except outlier value 138). Half of the stars have
luminosities under 12.5 and half have luminosities greaterthan 12.5. We express this fact
by saying that the median luminosity of the stars in the sample is 12.5 times the Sun's (see
Section 2.1.) Moreover, we can distinguish several important aspects concerning the shape of
the distribution of this data set:

n Is the distribution �at, or does it have a de�nite peak? As shown by its stemplot in
Table 1.5, star luminosity distribution is rather peaked, being high near 0 and steadily
decreasing toward 70. By contrast, the Maris distribution is rather �at (or uniform) from
0 to 40.



20 CHAPTER 1 EXPLORING DATA BY GRAPHICAL METHODS

Table 1.5 Stem-and-Leaf Plot of Star Luminosities

Stem Leaf

0 1,4,5,6,6,6,6,7,7,7,8,8,8,9,9,9
1 0,0,1,2,3,4,8,9,9
2 3,9,9
3 0,2,3,4,5
4 3
5 3,3
6 0,7
7 1

HI 138

Key: “1 0” in this stem-and-leaf plot indicates a luminosity 10 times the Sun's.

n Is the distributionsymmetric around some central value, that is, are the distributionssymmetric distribution
on the 2 sides of the central value mirror images of each other? Or is the distribution
skewed to one side or the other? The distribution of the luminosities is strongly skewed,
which means much more stretched out in one direction than theother, here toward the
high end of the range at the bottom of the plot. Imagine that the stemplot in Table 1.5
is turned counterclockwise 90 degrees. It will then have a long tail to the right, and we
say that the distribution isskewedto the right(following the usual convention basedskewed
on other kinds of displays, such as the histograms introduced in Section 1.4, where data
values increase from left to right).

n Does the distribution contain one or moregaps? That is, sometimes a data set splitsgaps
into two or more distinct chunks, often calledclusters(see Example 1.7). In Table 1.5clusters
there do not appear to be any large gaps in the 1–71 range.

n Does the distribution have any outliers (observations thatare widely separated from the
rest of the data)? The star with luminosity 138 and, for the Maris data, the year with 61
home runs are outliers.

Second, the stem-and-leaf plot represents every point of the numerical data that was in
the original table. That is, we can recover (know the exact values) all of the data points
from the stem-and-leaf diagram. In some other kinds of plots, such as the box-and-whisker
plot introduced in the next chapter, the numbers that were used to make the plot are not
recoverable from the plot—to see the numbers, you must go back to the original list of data,
such as a scientist's lab notebook or a computer �le.

Comparing Populations:
Back-to-Back Stem-and-Leaf Plots
One of the most common tasks in statistics is to compare two data sets that di� er in some
important characteristic, such as the annual incomes of male and female college graduates,
the sizes of U.S. families and Brazilian families, or the cost of two-bedroom homes in San
Francisco and in St. Louis, to name a few examples. The two data sets are usually regarded as
representative samples from the two populations we want to compare. Statisticians look for
di� erences between the samples to determine whether they can conclude that the populations
di� er. Trustworthy methods for comparing populations based ontheir representative samples
will be presented later in this book, when statistical inference is studied.
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One way to compare two small data sets visually is to write their stem-and-leaf plots back
to back. The stems are written in the middle of the table, the leaves for one data set are written
to the left of the stem and extend leftward, and the leaves forthe other data set are written to
the right and extend rightward. Be sure to arrange the leavesfor each data set in the increasing
order out from the stem.

Example 1.3 Infant Mortality Rates in Europe

Tables 1.6 and 1.7 show the infant mortality rates per thousand births, measured over the
years 1995 through 1999, for the countries in Europe that hadnot been under communist
rule during the Cold War and those that had been, respectively. (Germany, listed among the
noncommunist countries here, is a special case, because about a quarter of the country had
been communist. But both parts had almost the same infant mortality rate.)

The completed back-to-back stem-and-leaf plots are shown in Table 1.8. The di� erences
between the two data sets are clear. The noncommunist countries' infant mortality data from
Table 1.6 are tightly concentrated, between 5 and 10, with a single outlier. The rates from the
former communist countries in Table 1.6, on the other hand, are mainly distributed between
10 and 26. The back-to-back stem-and-leaf plots reveal dramatically how much larger on
average and how much more spread out the mortality rates in the former communist countries
are.

Table 1.6 Infant Mortality Rates in Europe
1995–1999: Noncommunist Countries

Infant mortality
(deaths per thousand

Country live births)

Austria 6
Belgium 7
Cyprus 8
Denmark 7
Finland 5
France 7
Germany 6
Greece 8
Ireland 6
Italy 7
Luxembourg 9
Malta 10
Monaco 58
Netherlands 6
Norway 5
Portugal 8
Spain 7
Sweden 5
Switzerland 5
United Kingdom 6

Source: New York Times Almanac 2000,490–492.

Table 1.7 Infant Mortality Rates in Europe
1995–1999: Former Communist Countries

Infant mortality
(deaths per thousand

Country live births)

Albania 32
Belarus 15
Bosnia 13
Bulgaria 16
Croatia 10
Czech Republic 9
Estonia 12
Hungary 14
Latvia 16
Lithuania 13
Macedonia 23
Moldova 26
Poland 13
Romania 24
Russia 19
Slovakia 12
Slovenia 7
Yugoslavia 19

Source: New York Times Almanac 2000,490–492.
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Table 1.8 Back-to-Back Stem-and-Leaf Plot for Infant Mortality in Eu rope,
1995–1999

Leaf (Table 1.6 Data) Stem Leaf (Table 1.7 Data)

9,8,8,8,7,7,7,7,7,6,6,6,6,6,5,5,5,5 0 7,9
0 1 0,2,2,3,3,3,4,5,6,6,9,9

2 3,4,6
3 2

57 HI

Key: “1 2” indicates 12 infant deaths per 1000 live births.

Also, the Monaco outlier deserves careful investigation. What is so unusual about Monaco
(a very small country)? In this case, the outlier “58” is probably a misprint in the book from
which the values were taken. The correct value is most likely5.8, which we would round to
6. Sometimes outliers result from mistakes like this; in other cases they are real (not caused
by error) and, therefore, important values. They must be checked carefully in each case to
determine whether they are mistakes or not.

p p p p p p p p p p p p p p p p p p p p p

Most standard statistical computer software packages for practitioners have a stem-and-
leaf program that enables the operations we have described:constructing a standard stem-
and-leaf plot, back-to-back plotting, representation of high- and low-valued outliers, and so
on. Further re�nements of the standard approach allow additional choices of stem intervals.
It is important for you as a student in an introductory statistics course to be familiar with the
basics of this powerful and often-used tool.

Section 1.2 Exercises

1. The origins of the Etruscan empire (centered in Italy around800 B.C.) is a bit of a mystery to anthropologists. In
a study, observations on the maximum head width (measured inmillimeters) were taken on 84 skulls of Etruscan
males and 70 modern Italian males. (Source: N. A. Barnicot and D. R. Brothwell. 1959. The evaluation of metrical
data in the comparison of ancient and modern bones. InMedical Biology and Etruscan Origins,edited by G. E. W.
Wolstenholme and C. M. O'Connor. Little, Brown, 136.)

Etruscan Skulls

141 148 132 138 154 142 150 146 155 158 150 140
147 148 144 150 149 145 149 158 143 141 144 144
126 140 144 142 141 140 145 135 147 146 141 136
140 146 142 137 148 154 137 139 143 140 131 143
141 149 148 135 148 152 143 144 141 143 147 146
150 132 142 142 143 153 149 146 149 138 142 149
142 137 134 144 146 147 140 142 140 137 152 145
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Italian Skulls

133 138 130 138 134 127 128 138 136 131 126 120
124 132 132 125 139 127 133 136 121 131 125 130
129 125 136 131 132 127 129 132 116 134 125 128
139 132 130 132 128 139 135 133 128 130 130 143
144 137 140 136 135 126 139 131 133 138 133 137
140 130 137 134 130 148 135 138 135 138

a. Compare a dotplot for the Etruscan skulls with a dotplot for the Italian skulls.
b. Construct back-to-back stem-and-leaf plots for the Etruscan skulls and the Italian skulls.
c. Is the hypothesis that Etruscans and modern Italians are of the same origins supported by the data (as it would be

if the two plots seem quite similar)?

2. The ages of the 30 Oscar-winning Best Actors and the 30 Oscar-winning Best Actresses from 1976 to 2005 are as
follows:

Actors

38 60 30 40 42 37 76 39 52 45 35 61 43 51 32
42 54 52 37 38 31 45 60 46 40 36 47 29 43 37

Actresses

41 35 31 41 33 31 74 31 49 38 61 21 41 26 82
42 29 33 35 45 49 38 34 26 25 33 33 35 28 30

Source:Dr. Anne E. Lincoln of Rice University

a. Construct back-to-back stem-and-leaf plots for actors andactresses.
b. What can you infer?

3. The number of home runs hit by Babe Ruth during his 15 years with the Yankees, from 1920 to 1934, is as follows:

54 59 35 41 46 25 47 60 54 46 49 46 41 34 22

The home run record of Roger Maris during his 10 years in the American League is as follows:

14 28 16 39 61 33 23 26 8 13

a. Construct a back-to-back stem-and-leaf plot.
b. Who was the better home run hitter from the viewpoint of his entire career? Explain.
c. In any discussion of famous home run hitters, Hank Aaron certainly must be mentioned as well. Over 21 years

with the Braves, Aaron's record was
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13 27 26 44 30 39 40
34 45 44 24 32 44 39
29 44 38 47 34 40 20

Construct a back-to-back stem-and-leaf plot comparing Ruth and Aaron. Discuss it.

4. The following are the test scores of students in a class:

77 70 65 77 60 79 71 86 82 78 76 65 81 59 100
62 81 67 74 71 62 84 75 70 76 72 66 73 91 49
66 70 81 79 72 64 95 71 66 80 78 73 69 58 89

Construct a stem-and-leaf plot.

5. The following stem-and-leaf plot gives �nal scores on a statistics test for 20 students. From the table, write down
each student's score.

Stem Leaf

7 2,3,4,5,9
8 0,2,3,4,4,5,7,8
9 0,1,2,3,5,6,6

Key: “8 2” stands for 82.

6. Using the stem-and-leaf plot of Exercise 4, answer the following questions:
a. What was the lowest score obtained?
b. What was the highest score obtained?
c. How far apart were the lowest and highest scores? (Recall that this statistic is called therangeof the data.)
d. How would you describe the general shape of the distributions of the data?

7. The following table gives the high temperatures in degrees Fahrenheit for 20 cities on April 3, 1997.
a. Construct a stem-and-leaf plot of the high temperatures.
b. How far apart were the lowest and highest temperatures for these cities?
c. Describe the distribution of temperatures.

Asheville, North Carolina 72 Miami, Florida 77
Champaign, Illinois 68 Birmingham, Alabama 74
Indianapolis, Indiana 69 Iowa City, Iowa 63
Abilene, Texas 67 Detroit, Michigan 58
Las Cruces, New Mexico 72 Molokai, Hawaii 77
Los Angeles, California 71 St. Louis, Missouri 76
Billings, Montana 56 Lincoln, Nebraska 63
Chicago, Illinois 65 Boston, Massachusetts 53
Albany, New York 53 Baltimore, Maryland 66
Charleston, South Carolina 77 Boise, Idaho 60
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8. The following table gives the unemployment rates for the so-called G7 nations (Group of Seven Leading Industrial
Nations) for the years 1975 and 2004 (fromThe World Almanac2006).

1975 2004

United States 8.5 5.5
Canada 6.9 6.4
Japan 1.9 4.8
France 4.2 9.8
Germany 3.4 9.8
Italy 3.4 8.1
Great Britain 4.6 4.8

a. Construct a stem-and-leaf plot for the unemployment rates in 1975.
b. What was the highest rate in 1975? Which country had it? What was the lowest? Which country had it?
c. Construct the stem-and-leaf plot for the unemployment rates in 2004.
d. What was the highest rate in 2004? Which country had it? What was the lowest? Which country had it?
e. Line up the stem-and-leaf plots for 1975 and 2004 back-to-back. Make a general comparison of the rates in 1975

to those in 2004.

9. Assume that the stars in Table 1.4 of Example 1.2 are representative (typical) of the roughly 2000 stars visible to the
naked eye on a dark night away from city lights. Do you think that the stars in Table 1.4 also are representative of
the 200 billion stars in our galaxy that are not visible to thenaked eye? Explain.

1.3 GRAPHING CATEGORICAL DATA

We cannot draw a stem-and-leaf plot for categorical data. Wecannot say anything about the
“shape” of a table of categorical data, because it would depend on the order of the categories,
and we could put them in any order. For example, there would beno preferred order for
the six continents from which a person's ancestors may have come. (Theycould be put in
alphabetical order, but that order indicates nothing aboutthe continents themselves and would
not be the same when written in a di� erent language, such as Russian.)

Two kinds of graphical displays are particularly useful formaking comparisons involving
categorical data: the bar chart and the pie chart.

The Bar Charts
A bar chart is constructed by drawing a vertical bar for each of the possible category values.bar chart
All bars are of equal width. The height of each bar equals the number (orfrequency) offrequency
persons (or objects) in that category. A vertical scale, usually on the left, helps the reader
see the frequency. Sometimes the bars touch each other, and sometimes an equal space is left
between each pair of bars (see Figure 1.2). When the categories are ordered, then this order
determines the order of the bars from left to right. One example of such a bar chart would
be the number of tra� c accident fatalities in Boston on each day of the week. A bar chart is
often called abar graph.bar graph
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Often the categories have no special order. In this case, if the categories are arranged so
that the tallest bar is to the left, then the second tallest, and so forth, the resulting graph is
called aPareto chart. By arranging the bars in order of decreasing frequency, we focusPareto chart
attention on the more important categories. Thus, a Pareto chart enables us to easily compare
the numbers of objects in the various categories. Pareto charts are often used in engineering
studies of causes of failure.

Example 1.4 Causes of Death

For Americans under 45 years of age, accidents are the leading cause of death. But for the
entire U.S. population, accidents are only the �fth most common cause of death. Table 1.9
lists the number of deaths due to the eight leading causes of death in the United States in
1997. The cause of death is a categorical variable characterizing each death. Table 1.9 is a
frequency table. The data in Table 1.9 are displayed graphically in Figure 1.6. Clearly, thefrequency table
vast majority of deaths is due to heart disease or cancer. Often in newspapers and magazines,
the bars are separated for artistic reasons.

Table 1.9 Leading Causes of Death in the
United States, 1997

Number
Cause of Death of Deaths

Heart disease 726,000
Cancer 537,000
Stroke 160,000
Pulmonary diseases 111,000
Accidents 92,000
Pneumonia and in�uenza 88,000
Diabetes 62,000
AIDS 30,000

Provisional data, estimated from a 10 percent sample of deaths.
Source: The New York Times Almanac 2000,392.
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Figure 1.6 Pareto chart for leading causes of
death in the United States.

The Pie Chart
If we want to draw attention to the percentage that each category contributes to the whole,
we might present a so-calledpie chart. (See Figure 1.3 and Figure 1.7). In a pie chart, each
category value is represented by a wedge-shaped section of acircle between two radii (lines
drawn from the center of the circle to its circumference). The size of each sector is determined
by the angle between the radii:

Angle between radii= Relative frequency of this category� 360�
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Just as the frequencies of all the categories add up to the total number of individuals being
counted, the angles of the sections of the pie chart add up to 360 degrees, the number of
degrees in a complete circle. Note that we cannot obtain or compare the total frequencies in
the various categories from a pie chart, as contrasted with abar graph.

Example 1.5 The U.S. Population by Marital Status

Marital status is a categorical variable that classi�es persons. Each adult is eithermarried,
never married, divorced,or widowed. The �rst two columns in Table 1.10 give the total
number of occurrences (in millions) of each of these category values—in other words, the
total number of persons having each marital status—in the United States in 1998.

The data in Table 1.10 could be displayed in a Pareto chart, but we shall instead use a
pie chart. The third and fourth columns in Table 1.10 give theproportions and the resulting
sizes (in degrees) of the sections needed to draw a circle graph from these data. For example,
the number of persons never married is 44.6 million. The proportion of the total number of
adults is 44.6 million divided by the total, 195.5 million, or 0.228. The angle between the
radii needed to draw the corresponding wedge is 0.228� 360 degrees, rounded to 82 degrees.

The complete pie chart is shown in Figure 1.7. The number of adults who have never been
married is nearly a quarter of the total; the number of adultswho are currently married is
somewhat over half the total.

Table 1.10 U.S. Population (Age 18 or Over) by Marital Status, 1998

Millions of Proportion of Angle
Status persons total (degrees)

Married 117.9 0.603 217
Never married 44.6 0.228 82
Widowed 13.6 0.070 25
Divorced 19.4 0.099 36

Total 195.5 1.000 360

Source: The New York Times Almanac 2000,294.

Widowed

7%

Divorced

10%

Married

60%

Never

married


23%
Figure 1.7 Pie chart of the marital statuses of U.S.
adults in 1998 from Table 1.10.
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Example 1.6 Authorship of Three Books to Davy Crockett

In the Key Problem we learned that the rate at which authors use “contentless” words can help
establish the authorship of a disputed book. In particular,statistical evidence suggests that the
NarrativeandTourwriting is consistent with that of Davy Crockett's Congressional speeches
(presumed written by him). In contrast, the writing of theTexasbook is inconsistent with both
theNarrativewriting and the writing in the speeches.

We cannot present the sophisticated hypothesis-testing analysis that produced these con-
clusions, but we can present back-to-back bar charts that suggest the conclusions drawn. Us-
ing the rate data of Table 1.2, in Figure 1.8, theNarrative-Tourand theNarrative-Texasbar
chart comparisons are made. Statistically the bar charts for theNarrative versusTour were
judged entirely similar (shown shaded dark): There were no rate pairs of bars too di� erent
to occur just by chance if the same author wrote both. In sharpcontrast, the di� erences in
heights for the “an,” “both,” and “this” pairs of bars (shownshaded light) are each too large
to have easily arisen by chance if the same author wroteTexasas wroteNarrative. A similar
bar chart comparison ofNarrative with the speeches shows no rate disparities, whereas the
Texas-speeches comparison shows rate disparities for “this” and“through” inconsistent with
having a common authorship (see Exercise 5 below).
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Figure 1.8 Back-to-back bar charts of Narrative-Tour and Narrative-Texas comparison.
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Section 1.3 Exercises

1. Bar graphs are sometimes used to compare categories even when we are looking at data other than frequencies. The
table below shows the percentage of foreigners (from the perspective of the listed country) in the total labor force in
di� erent countries in 1991. (For more details on this table, seeStatistical Abstract of the United States, 1997.)

Country Percentage Country Percentage

United States 9.3 Germany 8.9
Australia 24.8 Japan 0.9
Austria 8.9 Luxembourg 33.3
Belgium 7.4 Netherlands 3.9
Canada 18.5 Norway 4.4
Denmark 2.5 Spain 0.4
France 6.2 Sweden 5.5

a. Depict these data using a bar graph. Then make comments on thedistribution of the data.
b. Explain why the data cannot be displayed in a pie chart.

2. The following table gives the breakdown of total U.S. oil consumption (by percentage) by the purposes for which oil
is used:

Use Percentage

Gasoline 43.0
Heating oil 17.0
Industrial fuel oil 12.0
Jet fuel 7.0
Diesel fuel 5.5
Petrochemical 3.5
Other 12.0

Total 100

a. Construct a pie chart from the data.
b. Construct a Pareto chart.
c. Which is more useful, or are they both useful for di� erent purposes?
d. What conclusions do you draw?

3. Forty randomly chosen customers were asked to name the brandof toothpaste (labeled A–E) they liked the most.
The preferences showed are as follows:

D A B E C B D A A B A D A E A D A A D A
D E D A D B D C A E D B C E D B A B C E
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a. Use an appropriate graphical tool that facilitates comparison among brands from most to least popular.
b. Use an appropriate graphical tool that shows clearly the relative preference of each brand of toothpaste compared

to the total for all brands.

4. A sample of employees at an organization start their work at the following times in the morning:

9:00 9:00 8:30 9:00 8:00 9:30 9:00 10:00 8:30 9:00 9:30 10:00 8:00
8:00 8:30 9:00 9:00 8:00 8:00 9:00 8:30 8:30 8:30 9:00 9:30 10:00
9:30 8:30 9:00 8:30 9:30 8:30 9:30 9:00 9:00 9:00 9:00 9:30 9:00

Use an appropriate graphical tool that facilitates an accurate comparison of the proportion of employees starting
their work at two di� erent times such as 9:00A.M. versus 9:30A.M.

5. a. Construct two back-to-back bar charts: one for theNarrative-speeches comparison and the second for theTexas-
speeches comparison in the Key Problem and Example 1.6.

b. In part (a), for theTexas-speeches comparison, do the di� erences in height for the “this” bars seem unusually
large? For the “though” bars?

1.4 FREQUENCY HISTOGRAMS

In Section 1.3 we constructed bar graphs for categorical (qualitative) data. We can do the
same thing for quantitative (numerical) data in order to study the distribution (shape) of the
data. In this case, each bar represents the number of persons(or things, observations, etc.) for
which the measured value falls within a certain interval. Such a bar graph for measured data
is called afrequency histogram, or just ahistogram. (The wordhistogramcomes from thefrequency histogram
Greek wordhistos,meaning pole, because the bars in the histogram look somewhat like a row
of poles. Histograms appeared as early as 1786.)

The horizontal axis of such a graph shows the intervals of theobserved data values, and
the vertical axis indicates the number of observations, or thefrequency, within each intervalfrequency
in the range.

Example 1.7 The Highest Elevation in Each of the 50 States

Consider the highest elevation for each state, shown in Table 1.11. We shall construct a
frequency histogramof these elevations in three steps.

Step 1. Divide the range of the data into class intervals of equal width. The data in Table 1.11
range from 345 (Florida) to 20,320 (Alaska). We choose as ourclass intervals 0 to 1500� ,
1500 to 3000� , 3000 to 4500� , and so on, each of width 1500. The minus signs indicate that
the value 1500 is not included in the �rst interval (note it isincluded in the second); the value
3000 is not included in the second interval but is included inthe third; and so forth.
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Table 1.11 Highest Elevation in Feet

Elevation Elevation Elevation Elevation
State (feet) State (feet) State (feet) State (feet)

AL 2,405 IN 1,257 NE 5,425 RI 812
AK 20,320 IA 1,670 NV 13,140 SC 3,560
AZ 12,633 KS 4,039 NH 6,288 SD 7,242
AR 2,753 KY 4,139 NJ 1,803 TE 6,643
CA 14,494 LA 535 NM 1,161 TX 8,749
CO 14,433 ME 5,267 NY 5,344 UT 13,528
CT 2,380 MD 3,360 NC 6,684 VT 4,393
DE 442 MA 3,487 ND 3,506 VA 5,729
FL 345 MI 1,979 OH 1,549 WA 14,410
GA 4,784 MN 2,301 OK 4,973 WV 4,861
HA 13,796 MS 806 OR 11,239 WI 1,951
ID 12,662 MO 1,772 PA 3,213 WY 13,804
IL 1,235 MT 12,799

Source: The Universal Almanac.

Step 2. Count the number of observations in each class interval.The resulting table is a
frequency table.Here are the counts (frequencies):

Class interval Tallies Frequency

0 to 1,500� 7
1,500 to 3,000� 10
3,000 to 4,500� 8
4,500 to 6,000� 7
6,000 to 7,500� 4
7,500 to 9,000� 1
9,000 to 10,500� 0

10,500 to 12,000� 1
12,000 to 13,500� 5
13,500 to 15,000� 6
15,000 to 16,500� 0
16,500 to 18,000� 0
18,000 to 19,500� 0
19,500 to 21,000� 1

The highest elevation in Alabama is 2405, so we put a tally mark next to the class interval
1500 to 3000� . The highest elevation in Alaska is 20,320, so we put a tally mark next to the
class interval 19,500 to 21,000� , and so forth.

Step 3. Draw the histogram. In Figure 1.9 we mark elevations on the horizontal axis. The
horizontal scale runs from 0 to 21,000. We mark frequency (number of states) on the vertical
axis. For each class interval we draw a bar whose base is the class interval and whose height
is the corresponding frequency.

We notice that the 50 states fall in three separate groups: Alaska with Mt. McKinley
(elevation 20,320 feet) is in an outlier group by itself. Themiddle group (with maximum
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elevations between 11,000 feet and 14,500 feet) consists ofthe Rocky Mountain states, the
Paci�c states, and Hawaii. Finally, the largest group (withmaximum elevations under 9000
feet) consists of the 37 states east of the Rocky Mountains. Within this group, only Texas
(“TX” in Table 1.11), which borders on the Rocky Mountains, has an elevation above 7500
feet. This is an example of a data set that has explainable clusters with gaps between them.
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Figure 1.9 Frequency histogram for highest elevation in the 50 states.
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Figure 1.10 Frequency histogram for highest elevation in the 50 states.

You may ask how we chose our class intervals in Step 1. It is largely a matter of common
sense. The number of class intervals should be large enough to display the important charac-
teristics of the shape of data but small enough to provide an e� ective summary of the basic
shape of the data. Not counting the 4 empty class intervals, we grouped the data in 10 class
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intervals. With fewer observations we would have used fewerclass intervals. As a general
rule of thumb, 5 to 20 class intervals are usually appropriate. In this example we found the
range of the data, 345 to 20,320, then we picked a slightly larger interval, 0 to 21,000, and
divided it into 14 class intervals of equal width of 1500. We could just as well have used class
intervals of slightly greater width, say 2000 or 2500. But ifwe use too few class intervals,
then we throw away too much information about the shape of thedistribution. Unlike a stem-
and-leaf plot, the frequency table of a histogram only records the number of observations in
each class interval, not the exact value of each data point.

Figure 1.10 illustrates what happens if we use too few class intervals. Figure 1.10 is not
very informative. Important and interesting information about how the data are distributed is
lost. We can still see that a majority of the states have maximum elevation under 5000 feet.
But we have blurred the distinction between the mountain states and the states east of the
Rocky Mountains. The gap between the two groups has disappeared. Figure 1.10 simply has
too few bars to tell the real story of the data.

The next example illustrates the fact that every stem-and-leaf plot can be converted into a
frequency histogram.

Example 1.8 Annual Salaries

Look at the stem-and-leaf plot of annual salaries at a certain company to the nearest $1000 in
Table 1.12. By simply enclosing each row (set of leaves) within a bar, we have a respectable
histogram (see Figure 1.11(a)).

We can also build a frequency table by counting how many leaves are in each stem (see
Table 1.12) and then draw the histogram from the frequency table, showing the frequencies
(the number of leaves) along one axis of the graph (see Figure1.11(b)).

Table 1.12 Stem-and-Leaf Plot of
Annual Earnings (Thousands of Dollars)

Stem Leaf

1 6,7
2 9,9,9,2,7,7,8,3,5
3 4,5,1,2,6,6,3,9
4 6,9,7,7,7,5,9,8,6,3,0,3,4,8,3
5 3,5,3,7,7,9
6 3,2,2,4,4,0,0
7 7,4

Histograms are usually shown with vertical bars rather thanhorizontal bars. In that case,
our histogram of the annual earnings becomes Figure 1.12. Inthis graph the horizontal axis
scale (salaries in $1000s) has been included to make it clearwhich interval in the range of
incomes each bar represents, with the �rst interval from $10,000 to $20,000� , and so on.
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Figure 1.11 Frequency histogram derived from
stem-and-leaf plot of Table 1.12.
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Building a histogram from a frequency table whose class intervals we chose rather than
from a stem-and-leaf plot has a major advantage. We can freely choose the width of the class
intervals in a frequency table. In this way we can choose a number of class intervals that does
a nice job of showing interesting and important aspects of the shape of the data. Stem-and-
leaf plots do not o� er the same freedom of choice. For example, the frequency histogram
in Figure 1.9 cannot be derived from a stem-and-leaf plot. Another limitation to the use of
stem-and-leaf plots is that they are e� ective only for small data sets.

Distribution Shapes
We have already seen that stem-and-leaf plots help reveal the underlying shape of a data set.
Now we will see how useful histograms are for this purpose.

In 1903 Pearson and Lee published a paper on the laws of inheritance in humans. They
studied over 1000 English families, relating the height, span of arms, and length of left fore-
arm of the various family members. Figure 1.13 displays a frequency histogram for the heights
of the 1052 mothers in the study. The heights were recorded tothe nearest quarter of an inch.
We have superimposed a smooth curve approximating the overall shape of the histogram. The
smooth curve makes the shape easier to see.
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Figure 1.13 Heights of mothers.

The histogram in Figure 1.13 is “bell-shaped,” a very commonly occurring distribution
shape. Figure 1.14 displays some common distribution shapes: bell-shaped, uniform , U-

bell-shaped
uniform

shaped, right-skewed(or skewed to the right), andleft-skewed(or skewed to the left). WeU-shaped
right-skewed
left-skewed

say that �gures (d) and (e) are “skewed” in the direction, right or left, of the long tail. Figures
(a), (b), and (c) are symmetric.

(b) Uniform

(d) Right-skewed

(c) U-shaped

(e) Left-skewed

(a) Bell-shaped

Figure 1.14 Common distribution shapes.

When we superimpose a smooth curve on a histogram we focus on the overall shape of the
distribution and ignore minor irregularities.
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Section 1.4 Exercises

1. One of the histograms sketched below shows the distributionof age at death from natural causes (heart disease,
cancer, stroke, and so forth). The other shows the distribution of age at death from trauma (accident, suicide,
murder). Which is which? Explain.

Age (years)
0 100

Age (years)
0 100

2. The following data give the per capita (per person) spendingdistribution in federal dollars for the 50 states. (For
example, seven states receive an outlay in the $2,200–$2,399 interval).
a. Draw a frequency histogram.
b. What are your observations?

Dollars Number Dollars Number
per capita of states per capita of states

2000–2199 1 3400–3599 2
2200–2399 7 3600–3799 1
2400–2599 9 3800–3999 0
2600–2799 6 4000–4199 3
2800–2999 9 4200–4399 3
3000–3199 6 4400–4599 0
3200–3399 2 4600–4799 1

Total 50

Source:U.S. Bureau of Census,Statistical Abstract of the United States,1997.

3. The following data show the time in days between 63 successive major earthquakes. An earthquake is included in
this data set only if its magnitude was at least 7.5 on the Richter scale, or if over 1000 people were killed.

840 157 145 44 33 121 150 280 434 736 584 887 263
1901 695 294 562 721 76 710 46 402 194 759 319 460

40 1336 335 1354 454 36 667 40 556 99 304 375 567
139 780 203 436 30 384 129 9 209 599 83 832 328
246 1617 638 937 735 38 365 92 82 220

a. Draw a frequency histogram, using the class intervals 0 to 100� , 100 to 200� , and so on. List the values over
1000 as HI values.

b. What are your observations about the distribution?
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4. Given below are measurements resulting from repeatedly carrying out an experiment.

75 95 100 10 16 50 26 84 29 80 35 57 27 50 12 51 12 80 29 68
27 84 28 52 53 61 40 94 88 52 54 14 36 64 40 87 28 52 65 31

101 40 93 33 65 33 64 69 44 102 46 95 34 66 99 39 84 44 79 47
37 70 55 72 59 66 44 49 70 56 62 32 62 41 78 49 61 37 80 59
63 42 92 76 67 67 70 73 74 85 77 86 90 76 103 103 90 90 100

a. Construct a histogram using an interval size of 5.
b. Construct a histogram using an interval size of 10.
c. Which of the two interval sizes is more appropriate and why?

5. Given below are the observations from random sampling of a population.

65 77 31 54 50 73 55 43 30 58 64 39 77 53 63 46
78 65 52 34 52 76 33 62 43 33 51 51 66 48 71 47
72 35 67 61 75 66 49 30 68 50 80 75 70 76

a. Construct a histogram using an interval size of 5.
b. Construct a histogram using an interval size of 10.
c. Which of the two interval sizes is more appropriate and why?

6. The U.S. Geological Survey's National Earthquake Information Center has published the data shown below on the
magnitude (on the Richter scale) of earthquakes recorded worldwide by seismographs in 2005. Earthquakes of
negligible magnitude are not included in the �rst category,indicating that the interval does not include 0.

Magnitude Number of earthquakes

0+ –1� 0
1–2� 26
2–3� 4,636
3–4� 9,154
4–5� 13,898
5–6� 1,721
6–7� 148
7–8� 10
8–9� 1

a. Construct a histogram.
b. Make your observations.
c. The USGS estimates that several million earthquakes occur worldwide each year. Explain why the 30,000

recorded earthquakes are not a representative cross section of the millions of earthquakes that occur each year.
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7. The percentage of the residents of each of the 50 states who were at least 65 years old in 2004 are as follows:

Percentage of Population at Least 65 Years Old, by State, 200 4

State Percent State Percent

Alabama 13.2 Montana 13.7
Alaska 6.4 Nebraska 13.3
Arizona 12.7 Nevada 11.2
Arkansas 13.8 New Hampshire 12.1
California 10.7 New Jersey 12.9
Colorado 9.8 New Mexico 12.1
Connecticut 13.5 New York 13.0
Delaware 13.1 North Carolina 12.1
Florida 16.8 North Dakota 14.7
Georgia 9.6 Ohio 13.3
Hawaii 13.6 Oklahoma 13.2
Idaho 11.4 Oregon 12.8
Illinois 12.0 Pennsylvania 15.3
Indiana 12.4 Rhode Island 13.9
Iowa 14.7 South Carolina 12.4
Kansas 13.0 South Dakota 14.2
Kentucky 12.5 Tennessee 12.5
Louisiana 11.7 Texas 9.9
Maine 14.4 Utah 8.7
Maryland 11.4 Vermont 13.0
Massachusetts 13.3 Virginia 11.4
Michigan 12.3 Washington 11.3
Minnesota 12.1 West Virginia 15.3
Mississippi 12.2 Wisconsin 13.0
Missouri 13.3 Wyoming 12.1

Source: Statistical Abstract of the United States,2006.

a. Draw a frequency histogram, using the class intervals 5.6 to6.5 (inclusive), 6.6 to 7.5, 7.6 to 8.5, and so on.
b. Are there any gaps or outliers?
c. Comment on the smallest and the largest value.

1.5 DENSITY HISTOGRAMS

Consider a variable such as the size of a family, the number ofchildren in the family under
16 years of age, or the number of rooms in the family's home. The possible values for such
counting variables are the numbers 0, 1, 2, 3, 4, . . . (called integers). When we plot his-counting variables
tograms for such variables, we center the histogram bars at the possible integer values. To do
so, we use the following class intervals: –0.5 to 0.5, 0.5 to 1.5, 1.5 to 2.5, and so forth, even
though the variables cannot have a value like 0.5.

Example 1.9 Household Sizes

According to the U.S. Census Bureau, a household is any groupof persons living together. In
1999 the Current Population Survey studied a representative cross section of a little more than
50,000 households, obtaining the following distribution.
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Relative
frequency

Size Class interval Frequency (proportion) Percentage

1 0.5 to 1.5 12,709 0.2503 25.03
2 1.5 to 2.5 16,517 0.3252 32.52
3 2.5 to 3.5 8,435 0.1661 16.61
4 3.5 to 4.5 7,521 0.1481 14.81
5 4.5 to 5.5 3,640 0.0717 7.17
6 5.5 to 6.5 1,251 0.0246 2.46
7 6.5 to 7.5 425 0.0084 0.84
8 7.5 to 8.5 169 0.0033 0.33
Over 8 8.5 and above 118 0.0023 0.23

Total 50,785 1 100.00

Source:U.S. Census Bureau.

Because the sample of 50,000 is so large, the percentage of households of size 1 in the Cur-
rent Population Survey (25.03%) is likely to be very close tothe percentage of the population
of all 100 million U.S. households that are of size 1. The percentage of households of size 2
in the survey (32.52%) is likely to be very close to the percentage of all U.S. households that
are of size 2, and so forth. We can therefore use the survey data to approximate very closely
the distribution by size of all U.S. households. Figure 1.15is the resultingdensity histogram.density histogram
We note that household size data are right-skewed. The graphis called a density histogram
because the areas of its rectangles add to 100%. We could justas well have displayed relative
frequencies (proportions) for the heights, in which case the areas of the rectangles add to 1. If
the areas of the rectangles add to one, it is still called a density histogram.
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Figure 1.15 Density histogram of U.S. households by size.
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In Section 1.4 we learned how to construct frequency histograms displaying the general
shape, or distribution, of data sets. Often we want to compare two or more distributions.
To illustrate, we compare the age distribution of the population of Germany with the age
distribution of the population of Kenya. We want to know whether the German population is
older than the population of Kenya. We shall use the data in Table 1.13, taken from the U.S.
Bureau of the Census, International Data Base.



40 CHAPTER 1 EXPLORING DATA BY GRAPHICAL METHODS

Table 1.13 Distribution of German and
Kenyan Populations by Age, 2000

Age Millions of Millions of
group Germans Kenyans

0 to 15� 13.01 12.99
15 to 30� 14.41 9.59
30 to 50� 26.29 5.21
50 to 65� 15.64 1.72
65 to 80� 10.54 0.72
80 to 95� 2.91 0.11

Total 82.80 30.34

We �rst note that, because the population of Germany is almost three times as large as
the population of Kenya, there are more Germans than Kenyansin each of the age groups in
Table 1.13. But it is not thenumberof Germans of a given age we want to compare with the
numberof Kenyans of the same age. Rather, we want to compare thepercentageof the total
number of Germans in each age group with thepercentageof the total number of Kenyans in
the same age group. To make this comparison, we shall construct a density histogram for each
population. In this density histograph the class intervalsare not of length one as in Example
1.9. In such density histograms, the areas of the blocks, rather than the heights, represent
percentages. We proceed in three steps.

Step 1. Compute the percentage of Germans in each age group by dividing the number of
Germans in that age group by the total number of Germans and then multiplying by 100%.
For example, the percentage of Germans under 15 years of age is just the relative frequency
times 100%:

13.01
82.80

� 100%= 15.7%

Step 2. Find the height of the histogram bar over each class interval. Using the principle that
Area= Percentage, we use the formula

Percentage= Area of rectangle= Width � Height,

where width denotes the width of the class interval. In otherwords

Height= Percent/ Width .

For example, for the age group from 0 to 15 years (class interval), we get for the German
population

Height= 15.7%/ 15 years= 1.05% per year

Combining the two steps for the German population, we get Table 1.14.
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Table 1.14 Density Histogram Heights for
Age Distribution of German Population, 2000

Age group Percentage Height

0 to 15� 15.7 1.05
15 to 30� 17.4 1.16
30 to 50� 31.8 1.59
50 to 65� 18.9 1.26
65 to 80� 12.7 0.85
80 to 95� 3.5 0.23

We note that for a density histogram the class intervals donot have to be of the same size,
as is the case here.

Step 3. Draw the density histogram. We mark age on the horizontal axis. The horizontal
scale runs from 0 to 100 years. The unit on the vertical axis is“percentage per year.”

We note that the height of the appropriate rectangle of the histogram tells us the approxi-
mate percentage of Germans of any speci�ed age in the rectangle: For example, the percentage
of 10-year-olds is roughly 1.05%, and the percentage of 40-year-olds is roughly 1.59%. The
percentage of 60-year-olds is approximately 1.26%. And thepercentage of all Germans who
are between their 5th and their 10th birthdays is roughly 5� 1.05% = 5.25%, namely, the
area of the shaded block:

0 5 10 15

1.05

Looking at Figure 1.16, we notice that the two blocks covering the ages from 0 to 30 years
are not as tall as the two blocks covering the ages from 30 to 65years. Thus, assuming a
uniform age distribution within each rectangle, the percentage of Germans of any particular
age between 30 years and 60 years is greater than the percentage of Germans of any particular
age under 30. For example, the percentage of 40-year-olds isgreater than the percentage of
10-year-olds. Essentially, this is because Germans are having fewer children today than they
had in the past. At the same time, people are living longer. Asa result, in 20 years there will
be fewer workers and more retired people than there are today. This becomes a serious social
and political problem. It will be di� cult for the working people to pay for the health care and
the pensions of the retired people. To maintain their economic growth and standard of living,
the Germans will have to recruit foreign workers—a prospectthey do not yet seem to have
come to terms with. Many European countries face the same problem. Unlike the United
States, many of the European countries do not have a tradition of recruiting skilled foreign
labor.
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Figure 1.16 Distribution of German population by age, 2000, as shown by a density
histogram.

The age distribution of Kenya tells a very di� erent story. The numbers in Table 1.15 are
derived from Table 1.13. Again, the height of the density histogram tells us the approximate
percentage of Kenyans of any age. The percentage of 5-year-olds is roughly 2.85%; the
percentage of 20-year-olds is roughly 2.11%; and so on. Figure 1.17 shows that the population
of Kenya is very young. As can be computed from the graph, morethan half of all Kenyans
are under the age of 20 years. The population of Germany is much older: Around half of
all Germans are 40 years old or older. While the population ofGermany is shrinking, the
population of Kenya is growing rapidly, mostly because the birth rate is high. If the current
rate of growth persists, the population of Kenya will doublein size in 30 years.

Table 1.15 Density Histogram Heights for
Age Distribution of Kenyan Population, 2000

Age group Percentage Height

0 to 15� 42.8 2.85
15 to 30� 31.6 2.11
30 to 50� 17.2 0.86
50 to 65� 5.7 0.38
65 to 80� 2.4 0.16
80 to 95� 0.4 0.03
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Figure 1.17 Distribution of Kenyan population by age, 2000, as shown by a density
histogram.
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The statistical lesson here is that the density histogram isan ideal tool for comparing the
distributions of a variable in two settings, such as the age distributions of Germany and Kenya.

Section 1.5 Exercises

1. Use Table 1.14 and Figure 1.16 to answer the following questions about the population of Germany.
a. What percentage of Germans are under 30 years of age?
b. Estimate the percentage of Germans who are at least 30 years old, but not yet 40 years old.
c. Estimate the percentage of Germans under 40.
d. Are there more 10-year-olds than 40-year-olds?

2. Use Table 1.15 and Figure 1.17 to answer the following questions about the population of Kenya.
a. Is the percentage of 10-year-olds in Kenya much smaller than, about the same as, or much greater than the

percentage of 40-year-olds?
b. What percentage of Kenyans are under 30 years of age (assuming a uniform age distribution within a rectangle)?
c. Estimate the percentage of 16-year-olds.
d. Estimate the percentage who are at least 15 years old, but notyet 18 years old.
e. Estimate the percentage who are under 18.

3. Below is a density histogram for the age distribution of the U.S. population in 2000:
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Source: U.S. Census Bureau, Year 2000.

a. The percentage of 40-year-olds is around
1% 1.5% 15% 30% 45%
(Choose one option and explain.)

b. The percentage who are at least 30, but not yet 50, is around
1% 1.5% 15% 30% 45%

c. The percentage of 55-year-olds is around
1% 1.5% 15% 30% 45%

d. The percentage who are at least 50, but not yet 65, is around
1% 1.5% 15% 30% 45%

e. The percentage who are at least 30, but not yet 65, is around
1% 1.5% 15% 30% 45%

f. Does the United States have rapid population growth like Kenya, slow growth, negative growth like Germany, or
something else?

4. In a medical study the systolic blood pressure (i.e., the pressure while the heart is contracting and pumping blood)
of a couple of thousand young women was measured. The unit forsuch measurements is “millimeter of mercury”
(mmHg). The �gure below is the density histogram for the data.



44 CHAPTER 1 EXPLORING DATA BY GRAPHICAL METHODS

0

1

2

3

4

90 100 110 120 130 140 150 160

P
er

ce
nt

 p
er

 m
m

H
g

Systolic blood pressure (mmHg)

a. How would you describe the shape of the histogram?
b. The percentage of women with blood pressure between 90 mmHg and 150 mmHg was around

1% 20% 50% 80% 99%
(Choose one option.)

c. The percentage of women with blood pressure under 120 mmHg was around
1% 20% 50% 80% 99%

d. The percentage of women with blood pressure over 130 mmHg wasaround
1% 20% 50% 80% 99%

e. The percentage of women with blood pressure between 105 mmHgand 110 mmHg was around
1% 2% 5% 10% 20%

f. Does the United States have rapid population growth like Kenya, slow growth, negative growth like Germany, or
something else?

5. The projected age distribution of U.S. presidents in 2050, projected by the Census Bureau, is shown below:

Age group Number of people
(in years) (in millions)

Under 10 years 55.6
10� 19 53.5
20� 29 52.6
30� 39 52.8
40� 49 50.0
50� 59 46.2
60� 69 42.8
70� 79 32.6
80� 89 23.1
90� 99 9.5

100� 109 1.2

Total 419.9

a. Construct a density histogram.
b. Compare the density histogram with the density histogram inExercise 3. Is the population getting older or

younger?

6. A major attraction at Yellowstone National Park is the eruption of the geyser Old Faithful. The following table
summarizes a sample of 400 times (in minutes) between eruptions.
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a. Construct a density histogram.
b. What percentage of the time was the waiting time less than an hour?

Time (minutes) Frequency

30–39 4
40–49 15
50–59 85
60–69 49
70–79 15
80–89 211
90–99 18

100–109 3

7. Major active volcanoes in Alaska have the following heightsabove the sea level:

4,265 3,490 4,450 3,995 150 5,315 2,560 7,985 5,710 3,545 5,370 5,775 10
140 8,185 2,945 4,450 7,540 885 4,025 4,885 3,945 6,050 7,2956,720 2,759

3,540 8,960 7,050 5,030 7,545 10,265 2,015 3,465 9,430 11,070 7,015 11,413 6,830
8,450 6,965 5,055 1,980

Construct a density histogram using the class intervals 0 to1000� , 1000 to 2000� , and so forth.

8. The following are the IQ scores of 50 randomly sampled undergraduates:

124 106 108 87 114 102 132 117 99 102 128 119 105 84 93 135 110
97 103 130 92 103 102 116 93 111 88 109 108 142 90 130 107 109

114 98 103 136 110 107 40 109 115 147 113 119 115 125 128 98

Construct a density histogram using the class intervals 80 to 90� , 90 to 100� , and so forth.

9. A company had 105 sales last year, grouped by price as follows:

Price range Number of
(in thousands of dollars) products sold

0–50� 21
50–100� 47

100–150� 15
150–200� 12
200–250� 10
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a. Construct a density histogram. Describe the shape.
b. Estimate the total annual sales.Hint: Make the rough approximation that the cost of every item is the midpoint

of its interval.

10. The distribution of a company's stock to shareholders according to the number of shares held is as shown in the
following table:
a. Construct a density histogram.
b. How would you describe the shape of the distribution?

Number of Percentage of
shares held stockholders

0–25� 39
25–50� 27
50–100� 20

100–500� 12
500–700� 2

1.6 MISUSING STATISTICS

Graphical displays can easily be used to give misleading or wrong impressions about the
world. This happens all too frequently in books, reports, politics, advertising, and the media.
In this section we present examples of how statistical techniques have been misused, so you
will not be misled as easily when you encounter statistics innewspapers or magazines or on
radio or television. Hopefully, you will also be better ableto interpret them correctly.

Many of the misuses of statistics are achieved by graphical distortions, but there are other
ways as well.

The Area Fallacy
In most of the bar charts and histograms constructed in this chapter, the widths of the bars
were equal. Only the heights di� ered from bar to bar. Thus, the area of each bar represented
the relative contribution of that bar, just as the height did. One of the most common forms
of distorted graphical presentation is a �gure in which thelength(or height) of each symbol
accurately indicates the quantity the �gure is supposed to represent, but thearea does not.
This type of distortion often occurs in media stories in which the statistics of interest are
numbers of people. For example, suppose that the story is about the di� erent numbers of
police o� cers per thousand residents in three cities:
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City X City Y City Z

1.1 2.2 3.3

3.5

3.0
2.5

2.0

1.5
1.0

0.0

0.5

(a)  Police officers per thousand residents

3.3

2.2

1.1

City X City Y City Z

(b)  Police staffing: A tale of three cities

City X 

1.1/1000

City Y 

2.2/1000

City Z 

3.3/1000

Figure 1.18 Two ways to display statistics about numbers of people: (a) truthful but
boring bar chart; (b) lively but misleading pictorial.

A fair bar chart of these data is shown in Figure 1.18(a), but many newspapers would
instead use a “livelier” display of drawings of people, suchas a chart using stylized �gures
of police o� cers with heights proportional to the numbers, as in Figure 1.18(b). The o� cer
for City Z is correctly three times as tall as the o� cer for City X but (because the �gures
are similarly shaped) three times as wide as well, and therefore the o� cer for City Z looks
ninetimes as large. Worse yet, the �gures are not placed on the same baseline, obscuring the
proper (height) relationship among them even further.

This kind of distortion is often not a conscious attempt to deceive the reader, but rather a
thoughtless attempt to make the graphic display eye-catching by substituting pictures for text
and abstract bar shapes.

The Missing Baseline
A reader glancing at a bar graph is likely to base a �rst impression on the assumption that
the vertical scale in the graph extends all the way to zero, because that is the way we think
of graphs. Often, however, much of the bottom of the verticalscale is cut o� . Such a graph
makes a di� erence look far more dramatic than it really is. We illustrate with an example.
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Example 1.10 The Most Expensive Big Cities for Drivers

Figure 1.19 appeared inUSA Today,May 3, 1995. Once you havefoundthe bar graph among
all the cartoon cars, buildings, and seagulls (called “chart clutter” by Edward R. Tufte, one of
the world's experts on e� cient and appropriate display of information), you might think that
you could cut your driving expenses by almost two-thirds by living and working in Hartford
rather than Los Angeles. In fact, you would save only about 14% (see Figure 1.20 for an
undistorted impression).

Figure 1.19 Bar graph of driving expenses (cents per mile) in various U.S. cities
(Source: USA Today, May 3, 1995).
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Figure 1.20 Correctly drawn bar graph of the driving expense data in Figure 1.19.
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The intention behind these graphs, as with the graphs that use pictures instead of bars, is
often not malicious. Graphic designers are trying �rst of all to make their displays attract
the reader's attention. Parts of a graph that show a change catch the eye. Parts that do not
show a change are often regarded as boring and a waste of display space, even though they
are needed if they are to make an impression that agrees with reality. In fact, the missing
baseline approach is so universally used in the media that one simply must train oneself not
to be fooled by it.

The Combination Graph
Sometimes the changes in two di� erent measurements over time are shown on a single graph,
called acombination graph. Such a graph can be very useful for giving a view of how onecombination graph
quantity may be a� ecting another (later in this book we will discuss statistical techniques for
determining the amount of in�uence of one variable on another). Each of the two graphs,
however, is susceptible to the zero point fallacy just described. By carefully choosing the
scales and vertical placement for the two plots, a presentercan make an impression, or its
opposite, that has nothing to do with the data.

Example 1.11 SAT Scores versus Public School Funding

Suppose one wishes to assess the in�uence of public education spending on student prepared-
ness for college. Table 1.16 shows the amount of money spent per pupil on public education
in the United States for school years ending between 1990 and1995. Table 1.17 shows the
national average composite SAT (Scholastic Aptitude Test then, now called the Scholastic
Assessment Test) scores for college-bound students takingthe tests over the same range of
years.

Table 1.16 Per-Pupil Expenditures on Public Education

School year Per-pupil expenditures on elementary and
ending secondary education,1997–1998 dollars

1990 6591
1991 6626
1992 6587
1993 6587
1994 6633
1995 6676

Source: New York Times Almanac 2000,368.

Table 1.17 National Average
Composite SAT Scores

Year Average composite SAT score, all students

1990 900
1991 896
1992 899
1993 902
1994 902
1995 910

Source:U.S. Department of Education,The Condition of Education 1996,
Indicator 22.
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Figure 1.21 shows three combination graphs constructed from the data in Tables 1.16 and
1.17. Figure 1.21(a) might have been prepared to support an article opposing increases in
public school funding by suggesting that SAT scores have changed little. Figure 1.21(b), on
the other hand, might have been prepared to support an article in praise of increased per-pupil
spending by suggesting that SAT scores have greatly increased as a consequence. In both
graphs, a wide range is used for the measurement the presenter wants to look unchanged,
whereas a narrow range is used for the measurement that the presenter wants to make dra-
matic. Figure 1.21(c) is an impartial plot of the same data, achieved by starting both scales at
0. Neither measurement changed dramatically in this graph,which is the point to be made.

One might wonder whether these two indices are the best indices of whether public school
funding directly in�uences how well students are prepared for college. Rather than the per-
pupil expenditure for only the year in which the test is taken, one might construct an index
based on averaging the secondary school expenditures (in constant dollars) for the 4 years
before the student took the test, for example. Further, as anindex of college preparedness in
a given year, one might use an index based on college performance rather than on a test used
in college admissions. See also Example 1.15.
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Per-Pupil Expenditures for Public Schools and

Mean Composite SAT Scores, 1990Ð1995
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Figure 1.21 Combination graphs of per-pupil public education expenditures in constant
dollars versus composite SAT scores.

Other Tricks
There are a few other ways a graph can be misleading in addition to the ways we have dis-
cussed. For example, a pie chart is often shown at an angle to look more like a pie. The
wedges on the front facing the reader then look wider than thewedges on the sides.

Sometimes the distortion does not depend on the graph. Numerical indices can be com-
puted in a variety of ways. It is not di� cult to construct an index that makes the point one
wants to make “statistically” no matter what the facts of thesituation are.

Example 1.12 How Fast Can You Read?

A speed reading training school once used in its advertisements a reading index that measured
reading level by the score on a test of “comprehension” multiplied by the reading speed.

Measured by that index, “readers” who learned to skim over the text extremely rapidly
could show much higher reading level scores after completing the course than before they
took the course, even if they comprehended far less of what was on the page than they did
when reading at their ordinary pace before taking the course.

p p p p p p p p p p p p p p p p p p p p p

We shall �nally illustrate how a comparison of overall averages for two (or more) data sets
can give misleading impressions.

SIMPSON'S PARADOX

In 1987, the U.S. Department of Transportation made it a requirement that airlines report
each month what percentage of all their �ights into the nation's 30 busiest airports arrived
on time. Major newspapers published these statistics, and airlines with a high percentage of
on-time arrivals began advertising the fact. But a comparison of two airlines' overall on-time
percentages can be misleading.

Each airline's overall on-time rating depends on its performance at 30 airports, but the
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rating is determined mainly by the airline's performance atthe airports it serves frequently.
The ratings therefore favor airlines that mostly �y in and out of fair-weather airports, and the
ratings are disadvantageous to airlines that serve cities that often have bad weather.

We shall illustrate this by comparing the on-time performance in June 1991 of America
West Airlines with that of Alaska Airlines at �ve of the thirty busiest airports that Alaska
Airlines served in Table 1.18.

Table 1.18 Number of Flights on Time and Delayed for
Alaska Airlines and America West Airlines in June 1991

Airline Alaska Airlines America West

Destination On Time Delayed On Time Delayed

Los Angeles 497 62 694 117
Phoenix 221 12 4840 415
San Diego 212 20 383 65
San Francisco 503 102 320 129
Seattle 1841 305 201 61

Source:Arnold Barnett. 1994. How numbers can trick you.Technology Review.97 (7): 38–45

We shall compute each airline's on-time percentage at each of the �ve airports in Table
1.19.

Table 1.19 On-Time Percentages for Alaska Airlines and
America West Airlines in June 1991

Airline Alaska Airlines America West

Relative Frequency Relative Frequency
Destination On Time On Time

Los Angeles
497
559

= 88.9%
694
811

= 85.6%

Phoenix
221
233

= 94.8%
4840
5255

= 92.1%

San Diego
212
232

= 91.4%
383
448

= 85.5%

San Francisco
503
605

= 83.1%
320
449

= 71.3%

Seattle
1841
2146

= 85.8%
201
262

= 76.7%

Five-City Total
3274
3775

= 86.7%
6438
7225

= 89.1%
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We notice the surprising fact that, whereas Alaska Airlinesoutperformed America West
Airlines in on-time arrivals at each of the �ve airports, America West had a better overall
on-time percentage when we combined the �ve cities. This counterintuitive result is due to
the fact that 73% of America West Airlines' �ights landed in sun-drenched Phoenix, whereas
73% of Alaska Airlines' �ights landed either in foggy San Francisco or in rainy Seattle.

As a result, America West Airlines' overall on-time percentage (89.1%) is close to America
West Airlines' on-time percentage in Phoenix (92.1%), and Alaska Airlines' overall on-time
percentage (86.7%) is close to Alaska Airlines' on-time percentage in Seattle (85.8%). The
fact that Alaska Airlines' �ights even outperformed America West Airlines in Phoenix has
little e� ect on Alaska Airlines' �ve-city average because only 6% of Alaska Airlines' �ights
landed in Phoenix. What we have here is an example ofSimpson's paradox.Simpson's
paradox occurs when the combined data show one pattern, but subgroups show a di� erent
pattern.

Simpson's Paradox

Simpson's paradox refers to the reversal of the direction ofa comparison when data from
several groups are combined to form a single group.

When we compare the on-time performance of Alaska Airlines and America West Airlines,
the airport being served is a so-calledlurking variable , a factor lurking in the background,lurking variable
in�uencing the comparison, but not taken into account in overall ratings. If we ignore the
lurking variable and look at overall on-time performance, America West Airlines seems to
do better than Alaska Airlines. But when we take the lurking variable into account and look
at the individual airports, we discover that Alaska Airlines is the one with the better on-time
performance.

We shall give another example of Simpson's paradox.

Example 1.13 Is Smoking Good for You?

A study on thyroid and heart disease among women in Whickham,an area in England, was
conducted from 1972 to 1974. Twenty years later, in 1994, a follow-up study of the same peo-
ple highlighted an interesting relationship between smoking and death. Of the 1314 women in
the original study, 28% (369) were dead 20 years later. However, of those women who were
smokers originally (582), only 24% (139) had died, while 31%(230) of the nonsmokers (732)
had died.

The study seems to imply that smoking helps people stay alive, but that is obviously not
true. The lurking variable turns out to be age. There were many more old people among
the nonsmokers than among the smokers. In fact, 26% of the nonsmokers were 65 or older,
whereas only 8% of the smokers were 65 or older. So, many more nonsmokers than smokers
died of causes related to old age. This accounts for the higher overall death rate for the
nonsmokers.
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In Table 1.20 we categorize the women as either young (18 to 34years old), middle-aged
(35 to 64 years old), or old (65 years or older). We can then compare the young smokers with
the young nonsmokers, the middle-aged smokers with the middle-aged nonsmokers, and the
old smokers with the old nonsmokers. Statisticians call this controlling for age.controlling for age

Look �rst at the women who were young (18–34) in 1974. Almost all were still alive 20
years later, whether they smoked or not. Look next at the women over 65. Most of them
(about 85–86%) were dead 20 years later, again, whether theysmoked or not. However, there
is a sizeable di� erence in the death rate between the smoking and nonsmoking women who
were middle-aged (35–64) in 1974, that is, 26% of the smokers, compared to 18.4% of the
nonsmokers, were dead.

The original article broke the middle-aged group down into three groups: 35 to 44 years
old, 45 to 54 years old, and 55 to 64 years old. In each age groupthe smokers had a higher
death rate than the nonsmokers. But when we combine all the smokers in the study and
combine all the nonsmokers in the study, then the nonsmokershave a higher death rate than
the smokers. This reversal is an example of Simpson's paradox.

Table 1.20 20-Year Death Rates of Smoking and Nonsmoking Women

Smokers

Age Category Number Proportion in Number Dead Proportion
in 1974 in Category Category in 1994 Dead in 1994

18–34 179 0.31 5 0.028
35–64 354 0.61 92 0.260
65+ 49 0.08 42 0.857
Totals 582 1.00 139 0.239

Nonsmokers

Age Category Number Proportion in Number Dead Proportion
in 1974 in Category Category in 1994 Dead in 1994

18–34 219 0.30 6 0.027
35–64 320 0.44 59 0.184
65+ 193 0.26 165 0.855
Totals 732 1.00 230 0.314

Source:D. R. Appleton, J. M. French, and P. J. Vanderpump. 1996.

Ignoring a Covariate: An Example of Simpson's Paradox,The American Statistician,50: 340–341.
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Our next example looks at a comparison of two medical treatments for kidney stones. The
lurking variable turns out to be the size of the kidney stone.

Example 1.14

A medical study compared the success rates of two methods of removing kidney stones. The
investigators looked at 350 patients who had undergone opensurgery (Treatment A). They
compared them with 350 patients who had had a hollow tube inserted into their kidneys
through small incisions in their backs and had had the kidneystones removed through the
tube (Treatment B).
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Open surgery had a success rate of 78% (273/350), whereas Treatment B had a success
rate of 83% (289/350), an improvement over open surgery. So, Treatment B seems to be more
e� ective than Treatment A. But, if we take the size of the kidneystone into account, we get a
di� erent result, as shown in Table 1.21.

Table 1.21 Success Rates, Controlling for Size of
Kidney Stone

Treatment A Treatment B

Small Stones
81
87

= 93%
234
270

= 87%

Large Stones
192
263

= 73%
55
80

= 69%

Source:S. A. Julious and M. A. Mullee. 1994. Confounding and Simpson's
Paradox.British Medical Journal,309: 1480–1481.

According to the data presented in this study, open surgery (Treatment A) is more e� ective
than Treatment B, both for patients with small kidney stonesand for patients with large kidney
stones. The reason that the overall success rates gave the opposite impression is that most of
the large kidney stones were removed using open surgery, whereas most of the small kidney
stones were given Treatment B. So open surgery was used to handle the more di� cult cases
(the large stones), whereas Treatment B was used to treat most of the easy cases (the small
stones). That obviously biases the comparison against opensurgery and in favor of Treatment
B.
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Our �nal example has important implications for educational policy.

Example 1.15 Those Misleading SAT and NAEP Trends

In 2002 the average SAT Verbal score had not improved over what it had been in 1981. The
NAEP (National Assessment of Educational Progress) reading scores for 9-year-olds, for 13-
year-olds, and for 17-year-olds were up only marginally over the same period. Critics of the
American educational system took this as evidence that mostof the money invested in public
education between 1981 and 2002 had been wasted. In his March2, 2003, column, George
F. Will stated in his usual erudite manner, “This refutes thedurable delusion that schools'
cognitive outputs vary directly with �nancial inputs.”

But when we break down the SAT and NAEP data into ethnic subgroups, a di� erent picture
emerges: Minorities have improved their averages considerably. In fact, each of the major eth-
nic categories used by the College Board shows an increase inscores from 1981 to 2002. For
example, although the overall average Verbal SAT score was unchanged from 1981 to 2002,
Whites were up 8 points on average, African Americans were up19 points on average, Asian
Americans were up 27 points on average, Mexican Americans were up 8 points on average,
Puerto Ricans were up 18 points on average, and Native Americans were up 8 points on aver-
age. This is exactly the kind of improvement that the money invested in public education was
supposed to achieve!



56 CHAPTER 1 EXPLORING DATA BY GRAPHICAL METHODS

But how can it be that all the ethnic groups that make up the national average have im-
proved, but the overall national average score is unchanged? This is yet another example of
Simpson's paradox. In this case, the explanation is the changing composition of the SAT test-
takers. Minority students now make up a much larger percentage of college-bound seniors
than they did in 1981. A lot of minority students who would nothave dreamed of going to
college 25 years ago, had they been of college age then, are today planning to go to college.

The reason that the overall SAT averages have not improved isthat the group of college-
bound seniors has become more inclusive than it was 25 years ago. And although minority
scores have improved signi�cantly over the years, they are still relatively low (except for the
Math scores of Asian Americans).

p p p p p p p p p p p p p p p p p p p p p

Of course, the speci�c ways presented here of distorting theunderlying truth of the data are
just a sampling of the many ways that casually or dishonestlypresented and casually exam-
ined statistical information can mislead us. The goal of this textbook is to impartstatistical
literacy. One aspect of statistical literacy is to not be easily misled by improper conclusionsstatistical literacy
drawn from data, often supported by false ways of interpreting and displaying data.

Section 1.6 Exercises

1. A commercial released by an automobile company says, “Ninety percent of all our cars sold in this country in the
last 10 years are still on the road.” This gives the impression that the company's cars are built to last. Explain how
this commercial can mislead, especially if the company's sales have rapidly increased from year to year over the last
10 years.

2. The average weekly earnings of men in a certain company is $800 and that of women is $710. Draw a bar chart that
visually exaggerates the di� erence in the salaries.

3. A manager who has achieved a small growth in sales over the past 2 years wants to show his performance in a better
light.
a. What trick might he adopt when he is showing his performance graphically?
b. If he has had a steep decrease in his sales, what trick might heuse when showing his performance graphically?

4. The U.S. map (distributed recently by First National Bank ofBoston) purports to show what portion of income
earned by U.S. citizens was being taken and spent by the federal government. The shading is to indicate that federal
spending has become equal to the total incomes of all people residing in the states west of the Mississippi River,
except Louisiana and Arkansas. This map certainly gives a very distorted picture. Can you �gure out why? Is the
federal government in fact spending an amount that is over half the entire income of its citizens?Hint: What do you
know about the population densities of various states?
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5. The market share of a toothpaste company for the past few years has been as shown in the accompanying �gure. This
is an honest bar graph with no intention to mislead. But how can the performance be represented so that it seems
better than it actually was? Hint: Would you begin the vertical axis from zero?
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6. The pro�t or loss made by a company in the last 5 years is as follows:

Year Pro�t or loss ($)

1995 � 97,563
1996 28,576
1997 30,379
1998 41,274
1999 49,273

Note that the company had a loss in the year 1995. The chart thecompany publishes to show this data is shown
in the accompanying �gure.
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Profit/Loss
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a. What is misleading about this bar graph?
b. Draw an appropriate graph. (Hint: For a negative amount, letthe bar lie below the axis.)

7. A government agency reports population trends and value of agency services on the same graph, similar to those
shown for SAT scores and school funding in Figure 1.21. The data are as shown in the following table.
a. Graph these data in a way that makes the government agency look better than it should.
b. Graph it honestly.

1960 1970 1980 1990 2000

Government spending
(in billions of $) 6.4 6.45 6.51 6.54 6.57

Population (in millions) 92.1 96.4 100.1 112.5 120.1

c. Propose an appropriate index (a statistic) to measure valueof agency services adjusted for population growth.

8. Find examples from newspapers, magazines, and similar materials of presentations of statistics that are subject to
the kinds of misinterpretation presented in this section.

9. Imagine that the marketing department of a corporation wants to mislead people as to how the increasing market
share of the �rm has changed over the decades. The graph they produced is shown here.
a. Why is this graph misleading?
b. Redraw the graph so that a fair visual image is presented.
c. Think of another example where such a trick can be used.
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10. Discuss whether the accompanying graph (a similar graph appeared in a major national magazine) fairly represents
the price increase of gasoline at the pump over several years.
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11. Here are the batting performances of Barry Bonds and Mark McGwire for their rookie season, 1986, and for 1998,
when both players were at the top of their game. A player's batting average is his number of hits, divided by his
number of times at bat.
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Barry Bonds Mark McGwire

Year At-Bats Hits At-Bats Hits

1986 413 92 53 10
1998 552 167 509 152
Combined 965 259 562 162

a. Compute Barry Bonds's batting average for 1986.
b. Compute Mark McGwire's batting average for 1986.
c. Who had the higher batting average in 1986?
d. Who had the higher batting average in 1998?
e. If we combine the scores for the 2 seasons, who had the overallhigher batting average?
f. Explain the reversal in terms of how much each player played during his rookie season.

12. We shall compare the survival rates for surgery patients at asmaller rural hospital and those at a large teaching
hospital in a big city. We control for the di� culty of the surgery.

Simple Surgery Complicated Surgery

Outcome Rural City Rural City

Died 36 60 15 160
Survived 864 1940 85 1840
Total 900 2000 100 2000

a. What is the overall survival rate for surgery patients at therural hospital?
b. What is the overall survival rate for surgery patients at thecity hospital?
c. Which hospital has a higher overall survival rate?
d. Which hospital has a higher overall survival rate for simplesurgery patients?
e. Which hospital has a higher overall survival rate for complicated surgery patients?
f. Explain the reversal in terms of the percentage of the patients at each hospital who require complicated surgery.

CHAPTER 1 SUMMARY

A variable is a characteristic that changes from individual to individual in a study.

Numerical variables take numerical values. (Examples: height, income, IQ.)

Categorical variablesplace each object (or person) in one of several groups or categories.
(Examples: gender, religion, state of residence.) If the categories areranked, then the variable
is said to beordered or ranked categorical.

The pattern of variation of a variable in a study is called itsdistribution. It is usually described
by a table, graph, or formula that tells us what values the variable takes and how often they
occur.
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Categorical data are best displayed inbar charts (sometimesPareto chartswhen the bars
are ordered from tallest to shortest) orpie charts.

Quantitative data are displayed indotplots, stem-and-leaf plots,or frequency histograms.
We look for symmetry or skewness.We also look forgapsand resultingclusters in the
distribution and exceptional values (outliers).

Histograms forcounting variablescenter their rectangles of width 1 at the integers 0, 1, 2, 3,
. . .

A histogram issymmetric if its left and right sides are mirror images of each other. (Exam-
ples: bell-shaped, uniform, U-shaped.)

The histogram isright-skewed(skewed to the right, positively skewed) if it has a long tailto
the right.

The histogram isleft-skewed(skewed to the left, negatively skewed) if it has a long tail to the
left.

Density histogramsare very useful for comparing how a variable is distributed in di� erent
settings.

Displaying a data set is not an end in itself. The purpose of such displays is to help us
recognize the overall pattern of the data so that we can understand the information contained
in the data.

Beware of picture graphs and distorted scales!

A lurking variable in a comparison is a factor lurking in the background, in�uencing the
comparison, but not initially taken into account.

Simpson's paradoxrefers to the reversal of the direction of a comparison when data from
several groups are combined to form a single group. More generally, we have an example of
Simpson's paradox if the combined data show one pattern, butthe subgroups show a di� erent
pattern.

CHAPTER REVIEW EXERCISES

1. Here are the speeds of cars traveling down a street with a restricted speed zone when school children are present:

28 26 29 27 22 24 23 29 34 24 23 22 27 26 22
36 54 29 28 16 41 34 27 29 20 21 34 29 21 28

a. Construct a stem-and-leaf plot.
b. Is the shape what you would expect?

2. The following data were collected to determine whether the chance that a horse will win a race is in�uenced by its
starting position. Data represent 134 races, each with exactly eight horses in the starting line-up. Starting position1
is closest to the rail on the inside of the track.
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Starting Position

1 2 3 4 5 6 7 8

Number of wins 29 19 18 25 17 10 15 11

Source: New York Post,August 30, 1955, 42.

a. Draw a pie chart for the data.
b. Draw a bar chart.
c. Can you see any apparent relationship between the chances ofwinning and the starting position?

3. Identify whether the following statements are true or false, and give reasons why they are true or false.
a. In a frequency histogram, the height of a bar is always equal to the frequency of the class the bar represents.
b. In a density histogram, the area of each bar equals the percentage of observations in the corresponding class

interval.

4. A sequence of 300 pseudo-random digits (the 10 digits are to appear random and hence each should have the same
likelihood of occurring) was generated on a Casio calculator.

Digit 0 1 2 3 4 5 6 7 8 9
Frequency 25 28 29 35 35 31 27 33 32 25

Source:I. R. Dunsmore, F. Daly, and the M345 Course Team. 1987. M345 Statistical
Methods, Unit 9: Categorical data: In Milton Keynes,The Open University,Table 1.5.

a. Construct a pie chart and a bar chart.
b. What can you infer, if anything?

5. People have noticed that sports teams tend to do better at home in their own stadiums than when they play in their
opponents' stadiums. Part of the reason may be the fans' e� ect on the referees. To study this possibility, videotape of
a particular soccer match was shown to 11 experts, 5 of whom were shown the videotape with the crowd noise (the
“noise” group), and 6 of whom watched without any sound (the “no noise” group). Each person judged 52 incidents
in which there may have been a foul, and all were asked to decide whether a foul had occurred. (A. Neville, N.
Balmer, and M. Williams. 1999. Crowd in�uence on decisions in Association football.The Lancet,Vol. 353.)

In half of the incidents, all the experts agreed. For the other half of the incidents, the following were the results:
n Potential fouls against the home team: 61% were deemed foulsby the “no noise” group, and 47% were deemed

fouls by the “noise” group.
n Potential fouls against the visiting team: 36% were deemed fouls by the “no noise” group, and 58% were deemed

fouls by the “noise” group.
a. Look at the data on the potential fouls against the home team.What does the fact that the “no noise” group

decided there were more fouls than the “noise” group suggestabout the e� ect of crowd noise on the experts'
judgments?

b. Look at the data on the potential fouls against the visiting team. What does the fact that the “no noise” group
decided there were fewer fouls than the “noise” group suggest about the e� ect of crowd noise on the experts'
judgments?

c. Does it appear that crowd noise biases the experts' judgmentin favor of the home team, in favor of the visiting
team, or neither?

d. For the potential fouls against the home team, the referees in the actual game decided that 53% were fouls. Were
the referees' decisions closer to the “noise” group or “no noise” group?

e. For the potential fouls against the visiting team, the referees in the actual game decided that 60% were fouls.
Were the referees' decisions closer to the “noise” group or “no noise” group?



Chapter Review Exercises 63

f. Overall, does it appear that the crowd noise tends to lead thereferees to favor the home team?

6. In a histogram, explain how the selected width of the class interval a� ects
a. the preservation of important details contained in the original data.
b. accidental irregularities in the heights of the bars that distort the true overall pattern or shape of the data.

7. The frequency table that follows shows the number of children per household for 50 households interviewed in a
survey.

Number of children f Percentage

0 3
1 8
2 26
3 10
4 2
5 0
6 1

Total 50

a. Complete the third column to show the percentage of familieswith each number of children.
b. Construct a density histogram of the data. (Center each rectangle at an integer: 0, 1, . . . , 6.)
c. From your graph in part (b), �nd the proportion of families having two or fewer children.

8. Here are data on average fuel economy and average vehicle purchase price for all cars made by a certain automobile
manufacturer in selected years.

1970 1975 1980 1985 1990 1995

Fuel economy (MPG) 16.8 19.2 23.1 25.1 25.9 25.7
Price (thousands of 1995 dollars) 15 16.5 18.1 19.2 20.5 15

a. Using combination graphing (see Figure 1.21), draw a graph that stresses gains in fuel economy while deempha-
sizing rising prices.

b. Draw a combination graph in a way that a political group wanting to stress poor advances in fuel economy and
the high price of cars might draw the graph.

c. Draw it honestly.

9. Identify the true and false statements among the following statements, and give reasons why they are true or false.
a. In a bar chart for categorical data, the width of the bars is unimportant, but the choice of width is important in the

case of a histogram for quantitative data.
b. A histogram is used to display the distribution of quantitative data such as measurements or counts.
c. In a histogram, all the bars must touch each other, but in a bargraph for categorical data they need not do so (see

Figure 1.20).

10. The following data concern 40 heavy men, each weighing at least 225 pounds. Their cholesterol levels (measured
in milligrams per 100 milliliters) were recorded and were categorized as belonging to either the Type A behavior
category or the Type B behavior category. (Type A behavior ischaracterized by urgency, aggression, and ambition,
whereas Type B behavior is characterized as relaxed, noncompetitive, and less hurried.)
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Type A 233, 291, 312, 250, 246, 197, 268, 224, 239, 239, 254, 276, 234, 181, 248, 252,
behavior: 202, 218, 212, 325

Type B 344, 185, 263, 246, 224, 212, 188, 250, 148, 169, 226, 175, 242, 252, 153, 183,
behavior: 137, 202, 194, 213

Source:S. Selvin. 1991.Statistical Analysis of Epidemiological Data.New York: Oxford University Press, Table 2.1.

a. Construct a back-to-back stem-and-leaf plot for Type A behavior and Type B behavior.Hint: Drop the ones
digits. For example, 188 becomes 180; then 180 is assigned a hundreds stem of 1 and a tens leaf of 8.

b. What do you infer?

11. In a national survey, men were asked why they exercise. Here are the reasons they gave:

Percentage
Reason responding

Health 51
Stress relief 25
Weight loss 20
Other 4

Draw a pie chart of these data.

12. You have learned that usually the heights of a picture-based“histogram” are accurate and the distortion arises because
our perception keys in on area.
a. Is this the case with the following picture?

Comparative Annual Cost per Capita for Care of Insane in

Pittsburgh City Homes and Pennsylvania State Hospitals

$147

South

Mountain

Pittsburgh Civic Commission, Report on Expenditures

of the Department of Charities (Pittsburgh, 1911), 7.

Pittsburgh Harrisburg Norristown Warren

$172 $198 $213 $214

b. Draw an appropriate bar graph for the given institutions. (Note that this was drawn in 1911. Would such a graph
contain the word “insane” today?)

13. A six-sided die is rolled 120 times, and the following outcomes are obtained:
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Outcome f Proportion

1 15
2 21
3 23
4 19
5 17
6 25

Total 120

a. Draw a density histogram of the data.
b. From the graph, �nd (i) the percentage of rolls that give 3 or less, (ii) the percentage of rolls that give 5 or more,

and (iii) the percentage of rolls that give an even number.
c. How would you roughly describe the shape of the density histogram?

14. The following table gives the percentage breakdown of the cigarette smoking habits of young adults (ages 18-24).
They are broken into three groups: (i) those who currently smoke, (ii) those who are former smokers, and (iii) those
who have never smoked. Two years (1965 and 1991) and gender are considered (from the 1998 paper “Trends in
Cigarette Smoking” by the American Lung Association).

Smoking 1965, 1965, 1991, 1991,
status Males Females Males Females

Current 54.1 38.1 23.5 22.4
Former 7.6 6.2 8.0 7.5
Never 38.3 55.7 68.5 70.1

a. Create pie charts for the 1965 males and the 1965 females. On which categories do males and females di� er the
most?

b. Create a pie chart for the 1991 males. What changes do you see from 1965 to 1991 for the males?
c. Create a pie chart for the 1991 females. What changes do you see from 1965 to 1991 for the females?
d. Now compare the males and females in 1991. What di� erences do you see? Are the di� erences larger than in

1965 (see part (a)) or smaller?
e. Brie�y summarize what these data indicate.


