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Dr. Andrew Harris using an infrared temperature gun to measure the
temperature of active lava on Kilauea Volcano, Hawaii.

“We want to know how volcanoes work,” explains Dr. Andrew HerDr. Harris col-
lects thermal data to calculate the size and temperaturetd€htures on volcanoes,
including lava ows and vents. He collects some of the datageally, using infrared
temperature guns and the mocouple probes, but he also wétka network of satel-
lites that can measure the temperature of the volcano suffam space. He has
collected this data from volcanoes in Italy (Etna, Stromlasid Vulcano), Guatemala
(Pacaya, Fuego, and Santiaguito), Iceland, Africa, Ceatrd South America, and
Antarctica.

With thousands of pieces of temperature information conrirgyery month, statis-
tics is an important tool for Dr. Harris: “Each year, | colezound 1000 temperature
measurements across the main crater of the Sicilian voJdaricano. Statistical anal-
yses allow me to determine whether changes are taking platee mean is rising
and the frequency distribution is becoming skewed towarglsdr temperatures, this
may show that the volcano is heating up.” These, and othgstital tests, are used
by Dr. Harris to determine how likely it is that a volcano walupt.

The science of statistics enables Dr. Harris and his calleago examine large
data sets, extract useful information, examine spatiatamgoral activity trends, test
hypotheses, and assess the con dence with which they caveartise question, “Will
it erupt?”
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Summarizing Data By Numerical
Measures: Center and Spread

Society suers from the curse of the arithmetic mean. Such compressior
necessarily ignores the fact that most measurements mao$pread of
values around the mean—arising from real eliences and random
uctuations.
R. E. Beard

Objectives
After studying this chapter, you will understand the follog.

The importance of assessing the center and the p z-scores and the standard normal curve

spread of a data set p A resistant measure of spread: the interquartile
The two most important measures of center: the  range

mean and the median P How to use and construct boxplots

The most widely used measure of spread: the  p How to apply the descriptive tools of Chapters 1
standard deviation and 2 to describe and compare data sets

The 68-95-99.7% Rule for interpreting and p The cumulative distribution and percentiles

using the standard deviation

Using the normal distribution to nd the
proportion of a bell-shaped data set in any
interval
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KEY PROBLEM

The ages of the actors and the actresses who have won BestBestbActress Academy Awards from 1976 td
2006 are as follows:

Year Best Actor Age Year Best Actor Age Year Best Actress Age Y ear Best Actress Age

1976 Jack Nicholson 38 1992 Anthony Hopkins 54 1976 Louisecher 41 1992 Jodie Foster 29
1977 Peter Finch 60 1993 Al Pacino 52 1977 Faye Dunaway 35  1898Bma Thompson 33
1978 Richard Dreyfuss 30 1994 Tom Hanks 37 1978 Diane Keaton 1 31994 Holly Hunter 35
1979 Jon Voigt 40 1995 Tom Hanks 38 1979 Jane Fonda 41 1995icdessige 45
1980 Dustin Homan 42 1996 Nicolas Cage 31 1980 Sally Field 33 1996 Susam&ama 49
1981 Robert De Niro 37 1997 Gerey Rush 45 1981 Sissy Spacek 31 1997 Frances McDormand 38
1982 Henry Fonda 76 1998 Jack Nicholson 60 1982 Katherindttep 74 1998 Helen Hunt 34
1983 BenKingsley 39 1999 Roberto Benigni 46 1983 Meryl Stree 31 1999 Gwyneth Paltrow 26
1984 Robert Duvall 52 2000 Kevin Spacey 40 1984 Shirley Maela 49 2000 Hilary Swank 25
1985 F. Murray Abraham 45 2001 Russell Crowe 36 1985 SallgFie 38 2001 Julia Roberts 33
1986 William Hurt 35 2002 Denzel Washington 47 1986 Geraldmage 61 2002 Halle Berry 33
1987 Paul Newman 61 2003 Adrien Brody 29 1987 Marlee Matlin 212003 Nicole Kidman 35
1988 Michael Douglas 43 2004 Sean Penn 43 1988 Cher 41 2004rlizeheheron 28
1989 Dustin Homan 51 2005 Jamie Foxx 37 1989 Jodie Foster 26 2005 HilaryBwan 30

1990 Daniel Day-Lewis 32 2006 Philip Seymour Hoan 38 1990 Jessica Tandy 82 2006 Reese Witherspoon 29
1991 Jeremy Irons 42 1991 Kathy Bates 42

Source: Dr. Anne E. Lincoln of Rice University.
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Do winning actresses tend to be younger than winning actisr$i?ere less spread in the
age distribution for actresses than for actors? How do wenzanze the data so we can
answer such comparative questions?

The data are presented graphically in Figure 2.1 in graphsdchoxplots or box-and-
whiskers plots. In the boxplot, the vertical line inside the box locatesredlian (a measure
of center that will be explained in Section 2.1), and the evfdbe box locate the rst and
third quartiles (two descriptive statistics that give the range coveredheyrhiddle half of
the data, as will be explained in Section 2.5). Outside thebofour data points are marked
with special symbols (or ), indicating values so far from the bulk of the data that they
viewed as not really belonging with the rest of the data anttbeare called extreme values
or outliers (see Section 1.2). We extend lines (the whigkeosn the ends of the box to the
minimum and maximum values of the data, excluding the astlie

Do you think these two boxplots help answer the two questimsed above about dif-
ferences between male and female Academy Award winnersth@®ohelp us compare the
distribution of the two data sets?

Actresses
o
*
*

Actors
o

Figure 2.1  Boxplot
comparison of ages of
' ' ' ' ' ' ' male and female

10 20 30 40 50 60 70 80 90 Academy Award

Age (years) winners.

The goal ofdescriptive statisticsis to summarize and describe data so that we can rec-
ognize the information the data contain. In Chapter 1 wenke@dhow to organize raw data
and display them graphically. Descriptive statistics gisvbegins with visual displays. For
quantitative data we try to characterize the shape andi¢ocat the distribution, and we look
for gaps and exceptional observations (outliers).

In this chapter we will add summarizing numbers to our desiom of data. These numbers
indicate where theenter of the data set lies, indicate tispread of skewness the data, or
measure thekewnesf the data, to list a few possibilities.

2.1 THE CENTER OF A DATA SET

In this section we will discuss three commonly used measofeenter: the median, the
mean, and the mode.
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Example 2.1

In 1850 the population of the United States was much yourtgar it is today. Typically,
a family had many children, and people only lived half as lasgthey do today. The age
distribution of the United States looked in 1850 the way the distribution of Kenya looks
today (see Figure 1.17). The median age was 19 years: Hdlf Adfreericans were under the
age of 19, and half were 19 years old or older. The life expmstat birth was 39 years. (The
life expectancy for a particular year is the average numbgears that everyone born in that
year would live if death rates remained constant.)

The twentieth century brought dramatic improvements ifiptiealth, and life expectancy
doubled between 1850 and 2000. This, combined with a deilitlee number of children
born, caused a doubling of the median age in the United StaézsTable 2.1). The line
graphs in Figure 2.2 display the change over time in mediareag life expectancy.

Table 2.1 Median Age and Life Expectancy
for the United States

Median age Life expectancy
Year (years) (years)
1850 19 39
1900 23 47
1950 30 68
2000 35 77

80
Life expectanc
60 - p y
S 40 |
<
20
0 T T T T
1850 1900 1950 2000
Year

Figure 2.2 Median age and life expectancy at birth from 1850 to 2000.

Median

Themedian M of a data set is the middle value when the data are ordered $roallest to
largest. Half of the observed values are smaller than thaanednd half are larger. The
median of a list of numbers can be found by the following rule:

Step 1. Arrange the observations according to size, from the sitalethe largest value.
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Step 2. Record the median M as the observed value located at theriddte of the ordered
list when the number of observations is odd. When the numitmyservations is even, record
the median M as the number halfway between the two middle eusdn the list.

The median is often interpreted as the “typical” value of tadzt.

Example 2.2

The number of home runs Babe Ruth hit during his 15 years WiiNew YorkYankees, from
1920 to 1934, are as follows:

1920 1921 1922 1923 1924 1925 1926 1927 1928 1929 1930 1931 1932 1933 1934
54 59 35 41 46 25 47 60 54 46 49 46 41 34 22

Arranged in increasing order, the data are

22 25 34 35 41 41 46 46 46 47 49 54 54 59 60

M

Here we have 15 observations, an odd number. The median isxde middle number:
M = 46. The median is a good indicator of Ruth's “typical” annhame run production
because he hit between 40 and 50 home runs almost half of #serse he played for the
Yankees.

Ruth's 1927 record of 60 home runs in a single season remaim@wken until 1961, when
Roger Maris, another Yankee, hit 61 home runs. Maris's hametotals for his 10 years in
the American League are, in increasing order:

8 13 14 16 23 26 28 33 39 61

M

Here we have 10 observations, an even number. The mediathigapdetween the fth
smallest and the fth largest observations; that is, we ttie= average of the middle two
numbers:

23+ 26 _ 49 _

= — =245
2 2

The median is a fairly good indicator of Maris's typical amhthome run production. His
record of 61 home runs in 1961 is an exceptional achievemantestlier. Overall, Ruth was
a much better home run hitter than Maris, as we can see by aorgpheir medians.

M =
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Mean
arithmetic mean Thearithmetic mean is the most commonly used measure of the “center” of a datdVget

derive it by adding up all the values and dividing the sum by tlumber of values. The
mean arithmetic mean is usually referred to as simply theanor theaverage Because the word
average averagecan sometimes be misinterpreted, we prefer the tagan

Example 2.3

During the summer of 1998, the attention of sports fans wagltaby a race between the
Chicago Cubs' Sammy Sosa and the St. Louis Cardinals' MarksWice to beat Roger
Maris's single season home run record. Sosa got 66 home nagh8laGwire hit 70, a record
that stood until 2001 when Barry Bonds hit 73 home runs. Topanmm the overall home run
productions of Sosa and McGwire, we shall compute the meanadmumber of home runs
for each.

The number of home runs hit by Sosa during his years with thea@b Cubs, from 1992
to 2004, are as follows:

1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004
8 33 25 36 40 36 66 63 50 64 49 40 35

The mean number of home runs hit by Sosa is

8+ 33+ 25+ 36+ 40+ 36+ 66+ 63+ 50+ 64+ 49+ 40+ 35 _ 545
13 = 13 =419

The number of home runs hit by McGwire from 1987 to 2001 arels\s:

1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001
49 32 33 39 22 42 9 9 39 52 58 70 65 32 29

McGwire's mean number of home runs is

49+ 32+ 33+ 39+ 22+ 42+ 9+ 9+ 39+ 52+ 58+ 70+ 65+ 32+ 29 _ 580
15 ~ 15
= 38.7
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We note that the two means are close. The two players' mediarbar of home runs are
even closer: 40 for Sosa and 39 for McGwire.

Notation for Sample Mean and Population Mean

If a set of numbers is aampleof values for each denotedthen the mean is denotadand
read “x-bar.” For example, Sosa's 13 seasons produceehviBies for whichix = 41.9. Data
valuesx produced by repeated trials, such as Sosa's 13 seasonseatedpossing of a die,
will be said to result from aepeated trials random experiment

If the set of numbers is an entipppulation, then the mean is denotedthe Greek letter
mu, corresponding to the Roman lettarthat is, for mean). For example, the mean size of
all the 100 million households in the United States would &ealed , whereas the mean size
of the 60,000 sample households (each dengtedy) interviewed by the Current Population
Survey during a given month would be denojed =

We will introduce some more notation: Letdenote the VT_qiabIe of interest. Thenx
denotes the sum of all the values of the variabléThe symbol is the capital Greek letter
sigma, corresponding to the Roman letiethat is, for sum). If we haven sample values,
the formula for computing the mean of the sample is

P
_ X
X= —.
n
The mean of all the values in a population is
P
X
N L

whereN denotes the population size. Roughly speaking, the twodtasare the same, except
for whether we have some (as with a sample) or all possiblebeusr(as with a population).

Mode

Themodeis another measure of the typical value. It is the value (dres) that occurs most
frequently. There may be more than one mode, and the modefspmfar from the center
of the distribution of the values. For that reason, the madeot often used as a measure of
center for quantitative data, even though the mode somstitappens to be near the center.
Note, however, that the mode is the only measure of centewthean compute for categorical
data. (See the end of Section 1.1 and Section 1.3.)

Example 2.4

Figure 2.3 displays a density histogram that shows theiliigion of educational levels (num-
ber of years of schooling completed) for people 25 years olfi @der in 1998. The his-

togram's spike at 12 years of schooling represents all tiideequit school after high school.
The class intervals were intentionally chosen to be 0-81942, 13-15, 16, 17-20. (Why?)
The mode is 12: More people have 12 years of schooling thantuey number, as one might
expect. (Why?)
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Figure 2.3 Distribution of people age 25 and older in the United States by educational
level in 1998.

Section 2.1 Exercises

1. Determine the mean, the median, and the mode of each of fbe/iiog four lists:

ListA: 1 1 4 9 20

ListB: 1 1 4 9 420
ListC: 1 4 9 16 30 30
ListD: 10 40 90 160 300 300

2. A study reported the following litter sizes for 23 lions:

P Www
NS
A NN
N NN
w NN
RPN
g W

N W

a. Construct a frequency table for these data.
b. Determine the mean and the median litter sizes.
c. Is there a typical litter size?

3. Some ornithologists were interested in the clutch size ef@mmon Moorhen, nesting in Louisiana rice elds.
They counted the number of eggs in each of 105 nests, obtgiméfollowing data:
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7 518 778 99 988 9 9 77
5 9 7 7 4 9 8 8 10 9 7 8 8 8 7
9 v 7 10 8 7 9 7 10 8 9 7 11 10 9
9 4 8 68 999 885 8 8 99
14 10 8 9 9 9 8 7 9 7 9 10 10 7 6
117 7 7 6 9 7 76 8 9 4 6 9 8 9
7 9 9 9 9 888 999 810 9 9

a. Construct a frequency table for these data.
b. Determine the median clutch size.

c. What is the mode (the typical clutch size)?
d. What is the mean clutch size?

4. Below is a stem-and-leaf plot of the annual earnings in tands of dollars of a sample of 50 recent college graduates
(some working only part-time):
a. Find the mode, the mean, and the median earnings. Compattatieevalues.
b. Which measure (mode, mean, or median) is a better indicatgpital earnings?

Stem Leaf

2,6,7,8,9,9
2,3,5,7,7,7,7,8,9,9
1,2,3,4,5,6,6,7,7,7,9
0,3,3,3,4,5,6,6,7
3,3,7,7,8

0,2,6

4,7

7

A WN P

O ©OWo~NO O,

[EEY

4
156,248

I

Key: “16” stands for $16,000.

5. The histogram in Figure 2.3 has a second spike at 16 yearfiobbog.
a. Which group of people does this spike represent?
b. Is the percentage of people age 25 and over who are not higlolsgtaduates closest to (choose one) 17%, 24%,
or 34%7?
c. Is the percentage of people age 25 and over with a bachekygied (earned by completing 4 years of college) or
higher closest to (choose one) 17%, 24%, or 34%7?

6. The salaries (in millions of dollars) of the San Diego Padoeshe 2006 season were as follows:
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Salary Salary

Player (millions $) Player (millions $)
Chan Ho Park 15.505 Eric Young 0.700
Ryan Klesko 9.000 Jim Brower 0.700
Brian Giles 7.667 GeoBlum 0.650
Mike Cameron 7.333 Chris Young 0.500
Woody Williams 5.000 Dewon Brazelton 0.500
Trevor Ho man 4.500 Khalil Greene 0.405
Vinny Castilla 3.200 Josh Bard 0.353
Jake Peavy 2.500 Terrmel Sledge 0.347
Dave Roberts 2.250 Brian Sweeney 0.335
Scott Linebrink 1.365 Clay Hensley 0.329
Mike Piazza 1.250 Scott Cassidy 0.328
Shawn Estes 1.100 Adrian Gonzalez 0.327
Doug Brocail 1.000 Josh Bar eld 0.327
Alan Embree 0.850 Ben Johnson 0.327
Mark Bellhorn 0.800

a. Construct a frequency histogram using the intervals 0412 ,2-3, ...
b. Find the mean and the median salaries.
c. Do you think the mean or the median is the better statistic®ta report the typical salary for the Padres? What

about the mode?
7. The number of campsites in each of ve campgrounds in Yohadwat Park is

Number
Campground of campsites
Kicking Horse 92
Hoodoo Creek 106
Chancellor Park 64
Takakkaw Falls 35
Lake O'Hara 30

a. What is the mean number of campsites per campground?
b. What is the median number of campsites per campground?

8. The number of calories in a serving of various kinds of chéegésen by the following table:

Number
Kind of cheese of calories
American 106
Cream 99
Feta 75
Monterey 106
Ricotta (whole milk) 216

Swiss 107
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. What is the mean number of calories per serving?

. What is the median number of calories per serving?
. Compare the mean and the median.

. Which type of cheese corresponds to the mode?

o 0O T o

9. a. For the Key Problem nd the mean and median ages of actors enelsses who won Academy Awards.
b. What do you learn from these measures of central tendency?

10. Several years ago the numbers of millionaires per 1000 peiisathe 10 states with the highest density of million-
aires were reported as shown in the accompanying table.
a. Without calculating, state which is larger: the mean or tteglian of the 10 numbers.
b. Find the mean and the median.
c. How many of these numbers are less than the mean?
d. Is the mean or the median a better indicator of the centerasitidata?

Number of millionaires Number of millionaires
State per 1000 persons State per 1000 persons
Idaho 27 Indiana 5
Maine 8 Wisconsin 4
North Dakota 7 lowa 4
Nebraska 7 New Jersey 4
Minnesota 6 Connecticut 3

11. The numbers of earthquakes that were recorded as 7 or gogettee Richter scale during the years 1900-1909 and
1980-1989 are as follows:

Number of Number of
Year earthquakes Year earthquakes
1900 13 1980 18
1901 14 1981 14
1902 8 1982 10
1903 10 1983 15
1904 16 1984 8
1905 26 1985 15
1906 32 1986 6
1907 27 1987 11
1908 18 1988 8

1909 32 1989 7
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a. Make a back-to-back stem-and-Ileaf plot for the data.
b. Compare the years 1900-1909 to the years 1980—1989 usinteires or medians as appropriate. Which decade
tended to have more earthquakes?

12. The frequency histogram for the durations, in minutes, df 88iptions of the geyser Old Faithful is given in the
following graph. The intervals are 0—0.,90.5-1 , and so forth. The mean of these durations is 3.26 minutes.
a. Is that a good measure of the typical duration? Explain yoaner.
b. Discuss the tendency of the data to form distitlasters. Is there essentially gap?

120

100 ~

Frequency
N 2} o'}
o o o
| | |

N
o
|

o
|

0 1 2 3 4 5 6
Old Faithful eruption duration (mins)

13. a. Use the data in Example 1.9 in Section 1.5 to estimate the tdegrhousehold size in 1999. (Make the simpli-
fying assumption that no household had over nine peopl®): Our best estimate of the mean size of all 100
million U.S. households in 1999 is the mean size of the hooisishn the survey, which equals

number of persons in the sample
number of households in the sample

The number of households is 50,785. To nd the total numberesiple in the sample, rst count the number
of people in all the sample households of size (b2, 709. Then count the number of people in all the sample
households of size twf2 16,517= 33,039 and add that number to the rst. Likewise, add the number of
people in all the sample households of size th{i®e 8, 435= 25, 309 to the total, and so forth.

b. What was the median household size?

c. What was the mode?

2.2 MEAN VERSUS MEDIAN VERSUS MODE AS A
MEASURE OF CENTER

When we look at categorical data, the mode is a key statisticexample, in Example 1.4 we
learned that heart disease is the most common cause of deathlinited States. The mode
is also of interest when we look at “counting variables” sasthousehold size (see Example
1.9) or the number of years of schooling completed (see Elathg). But the mode is not
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really a measure of the center of a data set—even though tHe swnetimes happens to be

near the center.

The most common measures of the center of a distributiondi@f)dre the median and the
mean. If the distribution is roughly symmetric and withoutl@rs, then the mean and the
median will be close together and either one can be useddctieely measure the center.

Example 2.5
The ages of American presidents when they died are as fallows

Washington 67 Pierce 64 Wilson 67
J. Adams 920 Buchanan 77 Harding 57
Je erson 83 Lincoln 56 Coolidge 60
Madison 85 A. Johnson 66 Hoover 90
Monroe 73 Grant 63 F. Roosevelt 63
J. Q. Adams 80 Hayes 70 Truman 88
Jackson 78 Gar eld 49 Eisenhower 78
Van Buren 79 Arthur 57 Kennedy 46
W. Harrison 68 Cleveland 71 L. Johnson 64
Tyler 71 B. Harrison 67 Nixon 81
Polk 53 McKinley 58 Ronald Reagan 93
Taylor 65 T. Roosevelt 60

Fillmore 74 Taft 72

We can summarize the data in the following stem-and-ledf(bkre we use such a plot, rather
than an ordinary histogram, so we can still see the actual)age

Stem Leaf

4 6,9

3,6,7,7,8
0,0,3,3,4,4,5,6,7,7,7,8
0,1,1,2,3,4,7,8,8,9
0,1,3,5,8

0,0,3

© 00 ~NO O

The mean age at death of the 37 presidents is238% 69.8 years. The median age at death
is the nineteenth youngest age, thatis, 68 years. For thisrsymmetric and outlier-free data

set, the mean and the median are close.

Since three presidents died at age 67 and no more than twathey other age, the mode
is 67. In this example, the mode happens to be a “central Valloge, however, that if another
president dies at age 78, then there will be two modes be&umed 78 will each occur three
times. And if another president dies at age 90, then 90 vat ke a mode.

pppPPPPPPDPPPP PP PP PP P PP
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Notice that it is easy to nd the median from a stem-and-ldat pecause the data are
arranged in increasing order. If a distribution is skewed tirere are outliers, then the mean
and the median need not be close together. The reason ighéhatean is very sensitive to
the “pull” of observations far from the centefTo illustrate this pull, consider the home run
data for Roger Maris in Example 2.2. His total of 61 home run4961 is an exceptional
performance, an outlier. If we exclude this score as atypiban the remaining nine scores
have a roughly symmetric distribution with median 23 and m2a.2. If we include his
record-setting score of 61 home runs, then the median isesea little bit from 23 to 24.5,
but the mean jumps from 22.2 to 26.1. A single outlier incesaRoger Maris's mean annual
home run production by almost four home runs!

An observation whose presence greatly changes the valustatistic (in this case, the

in uential mean) is said to b& uential . Roger Maris's total of 61 homers in 1961 is an in uential
extreme values observation. Because the mean cannot resist the in uenegtcdme values(very large or
resistant very small), we say that the mean is noeaistantmeasure of center. In a skewed distribution,

the extreme values pull the mean away from the median in tleetithn of the skew, toward
the long tail.

The following examples illustrate that income distribucare usually skewed to the right
and therefore have higher mean incomes than median incomes.

Example 2.6

The salaries of the Miami Heat, the NBA champions for the 2@W®6 season, were as
follows:

Player Salary Player Salary
Shagquille O'Neal $20,000,000 Gary Payton $ 1,138,500
Jason Williams $ 7,562,500 Shandon Anderson $ 1,035,000
Antoine Walker $ 7,000,000 Dorell Wright $ 1,032,200
James Posey $ 5,900,400 Jason Kapono $ 1,000,000
Udonis Haslem $ 5,000,000 Wayne Simien $ 867,720
Dawyne Wade $ 3,031,920 Andre Emmett $ 641,748
Michael Doleac $ 2,640,000 Earl Barron $ 641,748
Wesley Person $ 1,800,000 Matt Walsh $ 200,000
Derek Anderson $ 1,670,000 Gerald Fitch $ 200,000
Alonzo Mourning $ 1,138,500

Shaq's salary is clearly an outlier, and the Heat did not paaynhe Wade what he was
worth. We can display the salaries (in millions of dollams)i frequency histogram (Figure
2.4) with class intervals 0-1 1-2 , and so on. The median salary is $1,138,500, the mean
salary is $3.29 million. The reason that the mean is so mugienithan the median is clear:
Most players have salaries in the low end, but a few players Wery high salaries. Thus, the
distribution is skewed to the right. Two-thirds of the Heatle earn $3 million or less. Shaq
alone earns more than these 14 players combined! Both thnsks and the outlying Shaq
salary pull the mean to the right.
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Figure 2.4 Distribution of salaries of the Miami Heat for the 2005-2006 season.

The salary distribution of Major League Baseball playei@$® skewed to the right. (See,
for example, Exercise 6 in Section 2.1.) During the 1994-5198jor League Baseball play-
ers' strike, players and owners used elient statistics to represent the typical player's salary.
In the public relations war, the players wanted to demotestieat they were underpaid, so
they used the median salary. The owners wanted to show thatdlgers were well paid, so
the owners used the higher number, the mean salary. Becagaisehe “low” median salary
was over 10 times higher than the typical family income inlthméted States, the players lost
the public relations battle.

Besides public relations, the players and owners also hyiihiate reasons for using dif-
ferent measures of the typical salary. The median salargod indicator of roughly what
the vast majority of players will earn during their rst fevegrs as professional athletes. For
the sports team owners who pay the salaries, however, ieisan salary that counts, not
the median. For example, the total payroll for the Miami Ha2005-2006 was:

total payroll= (number of players) (mean salary)
19 $3.29 million
$62.5 million.

Concerning the total payroll, the computation (humber af/pts) (median salary) doasot
give us the total payroll.

Example 2.7

Each year, the Current Population Survey estimates théqueyear's distribution of house-
hold incomes (see Example 1.9). The income distributiorlf98 is displayed in a density
histogram in Figure 2.5 (noting that the interval 0—10 hassplit in two to better display the
shape of the data, and that the interval 100-160 is splitid®-125 and 125-160 because
of limited data in the high-income range).



82 CHAPTER 2 SUMMARIZING DATA BY NUMERICAL MEASURES

Percentage per thousand dollars
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Figure 2.5 Distribution of households in the United States by income, 1998.

The income distribution is clearly skewed to the right. 1r9&%he median household
income was around $39,000. The mean household income wasd#$52,000, which, as
expected, is much larger than the median.

The distribution of house prices in a community is also ugusdewed to the right. There
will be many moderately priced houses and a smaller numbexménsive houses. The few
expensive houses pull the mean up but have littleat on the median. So the mean house
price will be higher than the median house price.

Which number is more relevant, the median price or the meiaapThat depends on your
point of view. A young couple moving into a community will grably be more interested in
the median home price. The median tells them how much it ylically cost to buy a home.
But if you are a member of the school board, then you will bearinterested in the mean
home price. For the amount of property taxes that can bedaissupport local schools is
determined by the total market value of all the homes, whishlze computed from the mean:

Total market value of all homes (Number of homes)(Mean home price).

In symbols,

X=n X
This property of recovering the total from the mean is ofteeful.
pPpPppPPPP PP P PP PP PP PP PP PP

Figure 2.6 shows the relative positions of the median andnien for right skewed, sym-
metric, and left-skewed distributions. Notice that in ave&d distribution, the extreme values
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in the tail pull the mean away from the median toward the laig Note that the mean and
the median are the same for a symmetric distribution regasdbf whether it is high, at, or
low in the middle.

AN TN TN

median mean median mean mean median

(a) Right-skewed (b) Symmetric (bell-shaped) (c) Left-skewed

|
N AN

median mean median mean

(d) Symmetric (uniform) (e) Symmetric (U-shaped)

Figure 2.6 Relative positions of the median and the mean for right-skewed, symmetric,
and left-skewed distributions

Outliers

Shagq's salary in Example 2.6 and Roger Maris's recordssge#il home runs in 1961 (see
Example 2.2) raise the question: What do we do with outliddg?we include them, or do
we leave them out because they are atypical and distort tha asean indicator of the typical
value? As a rule, we do not remove an outlier unless the ouglithe result of a mistake.
Shaq's salary is not a mistake. It is part of the story on hasvHlleat put together a winning
team. Shag's salary should not be removed. But becausesadtilier the median salary is a
better indicator of the typical salary than the mean salariRoger Maris's case also we have
no excuse for leaving out his exceptional achievement irl196did not come completely
out of the blue: In 1960 he had hit 39 home runs, his secondelightal overall; in 1962 he
hit 33 home runs, his third highest total overall. Besidas, @1 home runs is certainly the
most interesting number in the data set! The line graph inif€i@.7 illustrates that over three
seasons, Maris peaked and then faded as a home run hiteir(saiby injuries).

The best way to characterize Roger Maris as a home run hsttemriote his record-setting
61 home runs in 1961, but to use the median as the indicatds ayhical annual home run
production over his career. What is unusual about him is legbeaked and then faded so
rapidly, like a supernova in the sky. An outlier is removednfra data set only when its
inclusion distorts the story needing to be told by the data se
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50

Number of home runs

Year

Figure 2.7 Roger Maris's annual home run production from 1957 to 1968.

The next example looks at measurement errors. As anyone agstépped on a bathroom
scale knows, repeated measurements of the same thieg slightly from each other. One
of the rst scientists to deal with this problem was the Déngstronomer Tycho Brahe. His
careful observations were used by Johannes Kepler to dasvaree fundamental planetary
laws, which later enabled Isaac Newton to formulate histhebgravitational force.

Example 2.8

It has been known since the late seventeenth century (th@s) @@at light travels at a nite
speed and is not transmitted instantaneously. It takesta&boinutes for light from the sun
to reach Earth and about 1 second for light to travel from tlo@mto Earth. Around 1880
Simon Newcomb and A. A. Michelson conducted experiments gase the rst accurate
determination of the speed of light.

Newcomb's experiment consisted of bouncing a light beara capidly counter-clockwise
rotating mirror at a right angle (the rotating mirror beirtgta), to a distant xed mirror, and
back to the rotating mirror (see Figure 2.8). Because thatiraf mirror would have turned
a little bit by the time the light beam is bounced back to th&ting mirror, the returning
light would be re ected in a slightly dierent direction from its original source. Newcomb
measured the angle between the returning light beam andtlrees This angle is propor-
tional to the passage time (the time the light beam took teetriiom the rotating mirror to
the xed mirror and back again). That is, if the light takeseé times as long, the angle is
three times as large. This relation, together with knowhng riotational speed of the mirror
and the measured angle, allows measurement of the passegdtie speed of light can then
be computed:

Speed of light= (Distance traveled)Passage time)

Newcomb made 66 determinations of the time a light beam takizavel to the xed mir-
ror 3721 meters (over 2 miles) away and back. His passags tmmeano-seconds (billionths
of seconds) are 24,800 plus the values in Table 2.2. Thusyuinder 28 in Table 2.2 stands
for 24,828 nanoseconds, and the number —44 stands for 2dars®econds.
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light beam  New position of rotating mirror Figure 2.8  Schematic of Newcomb's
when light has bounced back experiment.

Table 2.2 Newcomb's Measurements of
the Passage Time of Light

28 22 36 26 28 28
26 24 32 30 27 24
33 21 36 32 31 25
24 25 28 36 27 32
34 30 25 26 26 25
44 23 21 30 33 29
27 29 28 22 26 27
16 31 29 36 32 28
40 19 37 23 32 29
2 24 25 27 24 16
29 20 28 27 39 23

Source:Stigler, S. M. (1977). Do robust estimators work with
real data? Ann. Stat. 5, No. 6, 1055-1098.

Why didn't Newcomb get the same number each time? Part ofdheon is that it is
impossible to measure the rotational speed of the mirroherangle made by the return-
ing light beam with complete accuracy. Furthermore, thedm# light traveling through air
varies a tiny bit with the atmospheric conditions. Newcosntata are displayed in the his-
togram of Figure 2.9, where the data have been grouped ietddbs intervals: 45 to 42,

42 to 39, and so forth. Newcomb's data seem to follow a bell-shaligdbution except
for two outliers: 2 and 44.

He was unable to identify any equipment failure that mighieheaused these two outliers.

So how do we estimate the true passage time? The mean of tHesé6vations is 26.21.
Newcomb discarded the most extreme outlier (-44) and cosapgbe mean of the remaining
65 observations. He got 27.29. Another possibility is totheemedian of all 66 observations,
which equals 27.
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Figure 2.9 Newcomb's passage times (in nanoseconds) minus 24,800.
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In uential extreme values pose a problem in statistics. phablem is deciding what to
do with them. Some outliers are simply mistakes. For exantpke infant mortality rate
of Monaco in Table 1.6, (copied from tiéew York Times Almanac 200@ almost surely
an error. Such outliers should be discarded. Other outléersh as Roger Maris's 61 home
runs (see Example 2.2 and Figure 2.7) represent signi cagmts. Such outliers should not
be discarded but should be studied separately. Finally, e meed to make an informed
decision about if and when to include unexplained outliarsur analyses, such as Simon
Newcomb's two lowest passage times in Table 2.2. Are theydakalt of error or carelessness,
factors external to the observation, or are they valid in samy? For example, even at
the National Institute of Standards and Technology (NISifere things are measured as
carefully as possible, the occasional outlier is unavdielalIST discards outliers only “for
cause, such as door-slam or equipment malfunction.” Tlaeea small number of outliers
that cannot be explained away and therefore cannot be distar

Section 2.2 Exercises

Technically,averageis another word for the mean of a set of data, but in Exercisssdl2 the wordaverageis used
in its everyday nontechnical interpretation as “centralypical value,” and your answer can be either mean, mode, or
median.

1. Which measure of center (mean, median, or mode) would be tist appropriate measure of center to use in each
of the following cases? Explain your answer. In some caset, the mean and the median can be appropriate,
depending on the purpose, or because they are about the ahme v
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The average number of students in statistics classes abileg€ of Lake County, lllinois, is 27.4.
The average home value in Lake County, lllinois, is $285,000

The most common shoe size sold in Macy's department store is 8

The average yearly wage in a company is $53,000.

The average age of new faculty members at the Universitylinbis is 28.3.

The average weight of adult men is 169 pounds.

. Describe which measure (mean, median, or mode) was usedhrsgaation (or state that it could have been either
of two measures).

a.
b.

C.
d.
e.

Half of the workers in the company make more than $30,000 haifdnake less.

The average number of children per family in Champaigmadii, is 1.9.Hint: The only possible values are
integers. If so, how could 1.9 occur as the average?

More people prefer red cars than any other color.

The average age of a college student is 20.3 years.

More people vote Republican in Lake County, lllinois, thaenibcratic or Independent.

. Three students, Bruce, Ross, and Carmen, are taking dissatisurse. Their scores on ve exams are given in the
following table:

Exam | ExamlIl Examlll Exam IV ExamV
Bruce 84 88 68 68 95
Ross 81 79 81 79 81
Carmen 79 80 78 90 80

Each student wants to claim the best performance in the. cé@spute the mean, median, and mode for each

student. Which measure would each use to compare the thudgenss to prove his or her claim of being the best?
Which student's claim is clearly without any validity?

. Three instructors are comparing scores on their nals. Bastiuctor had 21 students.

n

In Class A, one student received a score of 40 points, onévegta score of 60 points, the rest received a score
of 50 points.

In Class B, one student received a score of 40 points, on@estudceived a score of 41 points, one student
received a score of 42 points, and so forth, all the way thind@@points.

In Class C, 10 students received a score of 40 points, onerstuelceived a score of 50 points, and 10 students
received a score of 60 points.

The following dotplots illustrate the three distributions

. True or false: Each of the three distributions of scores msragtric around 50.

b. Determine the median score for each of the three classes.
c. Explain why the mean score for each class must equal the medaae.
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5.

6.

7.
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The mean salary for 920 Major League Baseball players in 1@89$1,567,873. What was the total salary for all
the 920 Major League Baseball players?

A physician's o ce reported that the mean cost of a physical exam was $15@ pafents were examined last
month, how much money did the physician collect on these e®am

According toMonitoring the Futurea study published by the University of Michigan Institute 8ocial Research
and National Institute on Drug Abuse, the following dataresgnt the percentages of high school seniors in the
United States who had ever used marijuana or hashish:

1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 20012 2BWO3 2004
40.7 36.7 326 353 382 417 449 49.6 491 49.7 48.8 49.08 446.1 457

a. Compute the mean and the median percentage of high schaotsasing marijuana or hashish.
b. Which is larger and why?

The following represent actual values from a sample of witlive@d cell counts (thousands of céfiscroliter) for 25
di erent patients in a northern lllinois hospital:

41 195 70 7.0 15 139 45 42 102 6.0 129 253 6.2
56 100 6.7 541 129 32 55 110 98 99 726 503

a. Construct a histogram using the intervals 0 to 520 to 10.0, 10.0to 15.0, ...
b. Compute the mean and median for these counts. Is the dibrbsymmetric, skewed to the left, or skewed to
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the right? Is the location of the mean relative to the medégmesented by one of the graphs in Figure 2.6? If so,
which one?

c. Compute the mean and median if the values of 19.5, 25.3, B2.&, and 50.3 are removed. How do the values
of the mean and median compare with those of g (

Suppose a doctor measures a patient's diastolic bloodyeess ve di erent occasions and gets the following
results:

85 79 93 82 86

a. Compute the mean and median.

b. Suppose the doctor inadvertently recorded 97 instead oViit would the mean and median be now?

c. If the doctor was having a really bad day, the blood pressughthave been recorded as 790 instead of 79. In
that case, what would the values be for the mean and medsumasgg that the calculation is automatically done
by computer and that nobody has noticed this absurd error?

d. What can you say about the in uence of extreme values on theegaf the mean and median?

According toConsumer Report#\pril 1995, the following represents the manufacturertings of electrical power
used (in amps) for each of 22 upright vacuum cleaners.

7.8 7 12 10 12 7 7.2 7.3 11 7 12
11 9.5 9 9 10 7.2 9.5 11 10 7.5 10

a. Construct a stem-and-leaf plot for the data.

b. Compute the mean and median. Are the two values close? Bxpbair answer in terms of the amount of
skewness that seems to exist in the data.

c. Suppose the four values of 10 had been inadvertently redasld 9 instead of 10. Now what would the mean
and median be? Which measure would be mostted by the change?

A study in Switzerland examined the number of cesareanaecin deliveries of babies performed in a year by 15
doctors.

27 50 33 25 86 25 85 31
37 44 20 36 59 34 28

a. Draw a stem-and-leaf plot of the data. Do you see any potantthers?

b. Compute the mean and median.

c. Remove the two largest values from the data set and compeaiteéan and median again. What can you say
about the resistance of each measure to extreme values?

In 1997 the mean and median values of the top 1% of all incom#wi United States were $330,000 and $675,000.
Assume this top 1% is skewed to the right, as in fact it is. W/o€ the values represents the mean and which
represents the median?

Repeat Exercise 10 of Section 2.1, noting that your undedstg of the exercise is now much greater.
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14. Below is sketched the age distribution for the people whd dieheart disease in 1996.
a. Is the distribution skewed to the left or to the right?
b. Which is greater, the mean or the median age?

0 50 100
Age (years)

15. Use Newcomb's data in Example 2.8 to estimate the speedtdf lidint: There is more than one reasonable way
to proceed (mean versus median, one versus two outliersvezipoNote also that the distance the light travels is
2 3721 meters.

2.3 MEASURING THE SPREAD OF A DATA SET: THE
STANDARD DEVIATION

One mystery that has fascinated baseball fans for half aigei#t the disappearance of the
so-called .400 hitter. A baseball player's batting avermgea season is his total number of
hits divided by his number of times at bat. Between 1901 ar8D18even players had season
batting averages exceeding .400. In 1941 Ted Williams 06.4Since 1941, however, no
player has managed to hit above .400. Why is that? Are thergreat hitters anymore?
Williams himself concluded that today's players have pleoft power but lack nesse. In
other words, today's players are not smart enough to hit@ab400.
Harvard's Stephen Jay Gould had a eient explanation for the disappearance of the .400
hitter. In the bool~ull House he looks at the distribution of batting averages for all dfaj
League Baseball players in a given year.
Figure 2.10 displays the distribution of the batting avesagf 263 Major League Baseball
playersin 1985 via a histogram. The histogram is withouliengtand is roughly bell-shaped,
bell-shaped histogram as shown by the superimposed idealized histogram curveughig bell-shaped histogram
can be eectively described using just two numbers (two statistiits)center, indicated by the
mean meanX , and thespread of the data around the mean, measured bysthadard deviation,
spread denoteds. We will shortly learn how to computg but rst we learn how to interpred. The
standard deviation two idealized histograms in Figure 2.11 show tthet more spread out a roughly bell-shaped
data set is, the larger its standard deviation Beyond this fact, we need to understand in
detail what information about the spread of a data set werget the speci c value ofs.
For example, what does = 0.029 tell us about the spread of the batting averages around
X = 0.263in Figure 2.107?
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Figure 2.10 Batting averages of 263 Major League Baseball players, 1985.

X X

Figure 2.11 Two bell-shaped idealized histograms showing the mean X and the
standard deviation s.

If the histogram of a data set roughly follows a bell curve &nel data set is without
outliers, then a majority of the observations will be at murst standard deviation away from

Empirical Rule for the mean. Very few observations will be more than two stashdaviations away from the
bell-shaped mean. Theempirical Rule for bell-shaped distributions (or 68-95-99.7% Rule) makes this
distributions quantitatively precise.

Empirical Rule for Roughly Bell-Shaped Histograms Without Outliers (or
68-95-99.7% Rule)

1. About 68% of the data will lie within 1 standard deviation éither direction) of
the mean.

2. About 95% of the data will lie within 2 standard deviationsloé mean.

3. About 99.7% of the data (for all practical purposes, all & tata!) will lie within
3 standard deviations of the mean.

Note: Because many data sets are roughly bell-shaped, this rwidédy useful.
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Figure 2.12 illustrates the Empirical Rule. For example tfi@ batting averages in Figure
2.10,x = 0.263 ands = 0.029, so

X s= 0.263 0.029= 0.234
X+ s= 0.263+ 0.029= 0.292

It turns out that 178 of the 263 players had batting averagesden .234 and .292, which is
67.7%—very close to the 68% predicted by the Empirical Rulgyre 2.12).

X 2s= 0.263 0.058= 0.205
X+ 2s= 0.263+ 0.058= 0.321

Of the 263 players, 251 had batting averages between .2038atdwhich is 95.4%—very
close to the 95% predicted by the Empirical Rule.

- 99.7% within >
3 standard deviations

<+—— 950 within ———
2 standard deviations

-— 68% within —
1 standard deviation

34% 34%

2.35%

13.5%

xb3> XxbX xbs X X+s X+2s X+3s

Figure 2.12 The Empirical Rule (or 68-95-99.7% Rule) for bell-shaped histograms
without outliers.

X 3s= 0.263 0.087= 0.176
X+ 3s= 0.263+ 0.087= 0.350

Of the 263 players, no player hit below .176, two players bde .350, and 261 players had
batting averages between .176 and .350, which is 99.2%—elesg to the 99.7% predicted
by the Empirical Rule.

Many sportswriters have speculated that the reason forislapplearance of the .400 hitter
in baseball is that tougher competition and more distrastitave tilted the balance between
hitting and pitching against the hitters. It is true thatpihg has improved dramatically over
the last 50 years, but Gould argues that the balance hadtedt tif it had, then the mean
batting average should have declined, and that has not happened. Gouldthatgbe mean
batting average has been fairly steady at .260 for over 18fsy&o what is going on? Gould
argues that as baseball has come of bBg# pitching and hitting have improved to near the
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optimal level, maintaining a balance between hitting ancdhing.

As overall play has improved, the dirence between the highest and the lowest season bat-
ting average has shrunk: The best hitters today consigtiati much better trained pitchers
than their counterparts did 75 years ago. At the same tineeythrst hitters today are much
better than their counterparts 75 years ago. The resultisthie bell curve we are using to
describe the distribution of the batting averages in a gixear has shrunk around its mean:
As an examination of batting average data over the yearsshbe standard deviation has
decreased from around 0.05 in the 1870s to around 0.03 tadi®fb6 drop. Figure 2.13 com-
pares the distribution of batting averages today (solidgewith its histogram included) with
the distribution of batting averages at the beginning oftthentieth century (dashed curve
with the histogram it approximates not included).

I
0.150 0.200 0.250 0.300 0.350 0.400

Figure 2.13 Distribution of batting averages in 1985 (solid curve) and batting averages
at the beginning of the 20th century (dashed curve). For the past 50 years, there has
been less variation (spread) than there was 100 years ago.

We can now explain the disappearance of the .400 hitteringerf the 68-95-99.7% Rule:
A hundred years ago a hitter had to score 3 standard desaioove the mean to hit above
.400. According to the 68-95-99.7% Rule, each year rougd@#4 99.7%= 0.3%, or 3 out
of 1000 batting averages, will be more than 3 standard demsaway from the mean. Half
of these, or roughly 1 out of 700 batting averages, will beertbian 3 standard deviations
above the mean. So at the beginning of the twentieth centumgs not surprising that a
couple of times per decade, some player hit over .400. Tddayever, a hitter has to score
more than 4 standard deviations above the mean to hit ab60e a#d that happens so very
rarely that we might have to wait 100 years for just one to acthis example illustrates that
in order to understand a bell-shaped distribution, we neddcow both the center and the
variation (spread) of the data.

Variation is also the issue in the next example. Many banks &g have their customers
wait in separate lines at each teller's window. It frustdatee customers to have to guess
which line would move faster. (And the fastest lines by cleaoften tend to move much
faster than the slow lines!) Therefore the banks switchea $ogle waiting line for all the
tellers. The change neither sped up nor slowed down thegeie the mean waiting time for
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the customers did not change. Because there was no longsiiaéeor a slow line, however,

everyone waited in line for about the same amount of time. theilowords, the variation

in waiting time from person to person was reduced, and thtomess were spared a lot of
frustration. The new standard deviation for the customaesting time will be a lot less, but

the new mean waiting time will be about the same.

60 b40 20 0 20 40 60 80 100 Figure 2.14 Distribution of percent total
Percent total return NYSE return.

Figure 2.15 Distribution of percent

4 X returns on one-stock portfolios (solid
/ N curve) and diversi ed portfolios

=g 3 (dashed curve).

Consider next the (idealized) distribution of percent lto&urn for all common stocks
on the New York Stock Exchange (NYSE) over a recent year (§geré2.14). The total
return on a stock over a year is the change in its market puig@{ down) plus any dividend
payments made. It is expressed as a percentage of the begimmce. A return less than
zero means a loss. The variation in the returns of all stogks a year re ects the “ rm-
speci c risk” or “unique risk” of holding one individual rns stock. One could easily lose
30% or gain 70%, going by Figure 2.14. The risk can be redugetiMersi cation, that is, by
splitting one's investment into a portfolio of 20 to 30 stscK he risk that remains even after
extensive diversi cation is called “market risk.” It basity represents the potential variation
of the stock market as a whole from one year to the next anddscallled “systematic risk.”
It comes from major economic factors such as the busineds ¢ggpansion, depression,
recession, etc.), the in ation rate, and interest rates.

Figure 2.15 illustrates that fully diversi ed portfoliosished curve) have about half the
risk (variation) of one-stock portfolios (solid curve). I€gou imagine why some people
would prefer a one-stock investment strategy while mostlevptefer a portfolio strategy?

For data sets with roughly bell-shaped histograms and nliemjtwe can use the 68-
95-99.7% Rule to roughly estimateand s from the histogram. A casual inspection of the
histogram won't tell us the exact values®finds, but we can get approximate values and
thus be able to apply the Empirical Rule even if we only haeehistogram to work with.

To illustrate how we do this, consider the histogram in FggRrl6, which represents the
heights of a couple of thousand college women. Skisanear the center of a symmetric his-
togram, we estimate that 64.5 inches. We will use the 95% rule to obtain an approximate
value ofs. According to the rule, as Figure 2.12 shows, approxim&isb of the data lie in
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the interval fromx 2stoX+ 2s. It follows that if we can determine an interval centered at
X that contains roughly 95% of the data, then the length ofittiésval should be roughlyst
We shall apply this method to Figure 2.16.

56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74  Height
(inches)
Xb 2> X X +2s

4s

Figure 2.16 Estimating X and s from a histogram of women's heights.

Clearly, the combined area of the histogram rectangletrggeat 58 inches and ending at
71 inches is more than 95% of the total area of the histogranm&e than 95% of the data
are between 58 inches and 71 inches. Therefore, the conguutat

4s= 71 58= 13,

which yieldss = 3.25, gives us too large a value for

On the other hand, the combined area of the histogram rdewsiarting at 61 inches and
ending at 68 inches is less than 95% of the total area of thedream: The combined area of
the rectangles below 61 inches and those above 68 inchesdtegthan 5%. (It looks closer
to 10%.) So fewer than 95% of the data are between 61 inche8&imthes. Therefore the
computation

4s= 68 61= 7,

which yieldss = 1.75, gives us too small a value far
We can get a rough estimate oy “splitting the di erence” between a reasonable under-
estimate, 1.75 inches, and a reasonable overestimatan8iss. We get

s 2.5inches.

This is only a rough approximation. However, we can say wath dence thatsis between 2
and 3 inches. Later in this section we will see how to compuabeactly from the data.
We shall now consider some numerical examples.
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Example 2.9

Two imaginary patients, Dylan and Laverne, are hospitdlineMercy Community Hospital.
In order to monitor their conditions, the doctor has the aur®nitor their pulse rates three
times a day. The results of one day's readings are shown ile PaB.

If we order the data, we see that the median pulse rate of estEnpis 72. In fact, if we
compute the mean for each, we also see that each mean is alSibvdusly there is more
that needs to be described than the centers.

The basic dierence in the two patients is in the variation of the two data.sLaverne's
readings are clustered together much more closely thanydea®.

Table 2.3 Pulse Readings

Morning Afternoon Evening

Dylan 72 58 86
Laverne 70 74 72

Why should we be concerned about variation? We sometimek tfiivariation as a mea-
sure of consistency. Here, the large variation or incoesist in readings for Dylan may
indicate a medical problem that needs attention.
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As another example where variation is important, consigea@ospace company that
manufactures a part for the space shuttle. The dimensidhs pfarts must fall within speci ¢
ranges, or tolerances, to ensure that everything ts andsvproperly. If a part is too large,
it will not t; if it is too small, it will not work. Many of the supplied parts could fail to meet
these requirements, even if they average out to their tasjeé. Their actual measurements
must also be very close to this mean value (thus making the radae truly typical of almost
all of the values). That is, variation must be acceptablylsma

How do we obtain a measure that tells us the spread or variatia data set? The simplest
measure is theange, which is the di erence between the highest value and the lowest value.

Range= (highest value) (lowest value)

The range is often used in weather reports, which give usthi@hd high temperatures of
the day. For the two data sets in Example 2.9, the ranges sitg eamputed:

Dylan: Range= 86 58= 28
Laverne: Range 74 70= 4.

Although the range is easy to obtain, it is generally not usedide weather reporting. The
reason is that since the range is computed from the two masm values, the range often
exaggerates the spread of large data sets. For exampledtmajority of the college women
in Figure 2.16 were between 60 inches and 69 inches tall,eadmf 9 inches. But the tallest
woman was 73 inches and the shortest 56 inches. So the rasdeénireches. The range gives
us the misleading impression that college women vary moheight than they typically do.

We are (usually) interested in measuring thpical variation rather than thenost extreme



deviation from the
mean

variance
standard deviation

sample

population mean
population variance
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variation. The range does not tell us the typical variation. The rangésis very sensitive to
extreme values, because it is computed by usimgthe most extreme values. Therefore, any
extreme, and hence in uential, value that is in error coatily change our measure of the
size of the spread when using the range. The range is notsar@simeasure of spread. We
will not use the range as a measure of spread.

Another approach that we could take, which leads us to thredta fors, is to see how far
away each data value is from the mean. Let us try this appméhbithe data from Example
2.9. The mean¥k, was computed to be 72 in each case. Then we xnd¥X, called the
deviation from the meanfor each data point, shown in the mean Table 2.4.

We could attempt to get a measure of spread by adding up thatid&s. But in each
case the sum of the deviations is 0. In fact, it can be showrthisawill always be the case.
Therefore, we do not obtain a good measure of spread by addawgraging the deviations—
they always add to O since the positive deviationset the negative deviations.

Table 2.4 Deviations in Pulse

Readings
Dylan Laverne
X X X X X X
72 0 70 2
58 14 74 2
86 14 72 0
Sum 0 Sum 0

To overcome this problem, we square each deviation.vBniance of the data is the aver-
age of the squared deviations, and st@ndard deviationis the square root of the variance.
The precise formulas we use to compute the variance andahdasid deviation vary a little
bit, depending on whether the data we are looking at is theptetmpopulation, or is a sample
either from a real-world population or a repeated-trialgeziment. For simplicity, we will
call data asampleregardless of whether if is a true sample from a real popuiatr is the
result of a repeated-trials experiment.

Population Variance and Population Standard Deviation

Imagine that we are looking at all the data from a populatisize N. For example, consider
the age distribution of the population of the United State® (Exercise 3 in Section 1.5). Let
N denote the total number of Americaméié around 300 million). The mean of the complete
population of ages of all Americans is
Pn
1 X

N

The symbol , denoting gpopulation meanis the lowercase Greek letter mu. Tp@pulation
variance of the complete population of ages is
P
N
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population standard
deviation

population variance
standard deviation

sample mean

sample variance

The symbol , denoting a population standard deviation, is the lower€aek letter sigma.
Thepopulation standard deviationis

s
PN
_ Pl )
N
The steps for nding theopulation variance andstandard deviationare as follows:
In words In symbols
Pn
_ 1X
Step 1. Find the mean of the population data set. N
Step 2. Find the deviation of each data value. X
Step 3. Square each deviation. (x )?
Step 4. Add over all population members to get P )
thesum of squares 1(x )
- . . N
Step 5. Divide by N to get thepopulation variance, 2_ _1 (x )?
noting it is the mean of the squared deviations. N's —
- P— Mx )2
Step 6. Take the square root of the variance to get = 2= 1
thepopulation standard deviation. N

Sample Variance and Sample Standard Deviation

It is unusual to have complete population data and thus teaigtbe able to compute and
. Consider now the more common situation where we only hatefdam a sample of size
n from a much larger population of si2¢ or from n repeated trials liken die throws. To
estimate the value of the population mean, we usas#neple mean
P n
X = LX
n

and to estimate the population variance we use thesample variance

Why do we divide byn 1 and notn? The answer is that, for technical reasons, most
statisticians think we get a better estimate 8fusings? that is de ned by dividing byn 1.
We note that if the sample sizeis at least 30, then it makes little dirence whether we
divide bynor byn 1 in de ning s°. If we have to calculate® using a calculator, then the

computational formula following computational formula for s? is more convenient:

for &2

P p
™2 (%% n

(n 1

L=
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nding sample The steps for nding thesample varianceand thesample standard deviationare as
variance follows:
nding sample SD
In words In symbols
X= 2 X
Step 1. Find the mean of the population dataset. ©~  n
Step 2. Find the deviation of each data value. X X
Step 3. Square each deviation. (x %)?
Step 4. Add over all population memberstoget P, 2
(x %)
thesum of squares 1
P n )2
_ 1(x X)
Step 5. Divide byn 1 to get thesample variance n %
. . P— M(x X)2
Step 6. Find the square root of the variancetoget g= 2= 1= 7
thesample standard deviation n 1

The formulas for the sample variance and sample standardtaevare not only used
for samples from a population but also for repeated-triatedsuch as Newcomb's data in
Example 2.8 and the pulse measurements in Example 2.9.

Let us return to the Dylan and Laverne data in Example 2.9. sHuared deviationgx
X)2 and their sums (x X)? are shown in Table 2.5. The sample standard deviations for
these repeated trials, notingthat 1= 3 1= 2, are

r— r
92

Dylan: s= === PIo6= 14;  Laverne: s= g: 4= 2.

Table 2.5 Squared Deviations in Pulse Readings

Dylan Laverne
X x X (x %2 X x X (x X?
72 0 0 70 2 4
58 14 196 74 2 4
86 14 196 72 0 0

Sum 392 Sum 8
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Example 2.10

To illustrate how we use the computational formula$bmwe shall compute the sample stan-
dard deviatiors of the following list of numbers:

O~ WWPR|X
©

Sum 20 116

We note that the sample mean is

The sample variance is

2= 116 (2025 _ 116 80 _

9
4 4
It follows that the sample standard deviation is
p—
s= 9=3

pppPpPPPPPPPPPP PP PP PP PP

The standard deviation is not a resistant measure of spitda@asily distorted by outliers,
as the next example illustrates.

Example 2.11

Consider the sample of Newcomb's 66 repeated measurentgals)(in Example 2.8. If we
exclude the two outliers44 and 2, then the remaining 64 observations have a roughly bell-
shaped distribution (see Figure 2.9). We will use the commartal formula fors? to save
time. For these 64 observations we get

P x= 1776 and P x2 = 50,912,

giving
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S
__ 1776 _ 50,912 (17762 64 _
X = e 27.75 and s= 53 =
The 64 observations obey the 68-95-99.7% Rule reasonalfitylw¢he intervalX s, we
nd 46 out of 64 observations, or 72%—which is not too far fré8P0. In the intervak 2s,
we nd 60 out of 64 observations, or 94%—which is close to 95%.
If we include the two outliers, then we get

P

5.08.

P
x= 1730, and x?= 52,852,

giving
r
X= 26.21, and s=

52,852 173/ 66 _
65 -

Note that the inclusion of the two outliers doubled the stadddeviation. Indeed, the
standard deviation is even more vulnerable to the in uerfceutliers than the mean. Also
note that if we include the two outliers, then the datadmts notobey the 68-95-99.7%
Rule: In the interval 26.21 10.7, we nd 61 out of 66 observations, or 92%—which is far
from 689%.

10.7

Linear Transformations and Change of Scale; The Effect of
Changing Units
Strictly speaking, in Examples 2.8 and 2.11 we found the m#tenmedian, and the stan-

dard deviation for the values in Table 2.2—not for Newcongalssage times. We can easily
determine those now. Because

passage time in nanosecorm®4, 800+ (value in Table 2.2)

we get

mean passage tims 24,800+ (mean value for Table 2.2),
median passage time 24,800+ (median value for Table 2.2), and
standard deviation of passage timresstandard deviation of values in Table 2.2.

Adding 24,800 to each value in Table 2.2 adds 24,800 to thenrapd the median but leaves
the standard deviation unchanged. Adding 24,800 to eacie &hifts the center of the distri-
bution (mean or median) by that amount but has neot on the spread.

What would happen to the mean, the median, and the standaiatide if the passage
times were recorded in seconds instead of nanoseconds@dgeca

passage time in seconds (passage time in nanoseconds}.0 °

we get the new mean, median, and standard deviation simpmuddtiplying the old ones
by 10 °.
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linear transformation
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We summarize these important rules:

The e ect of a change of units (linear transformation) on the meanmedian,
and standard deviation

1. Adding the same number to each value in a data set or subigah# same numbe
from each value in the data set shifts the center (mean orangdy the same
amount while the spread (standard deviation) remains tine sa

2. Multiplying each value by a positive constant also muléplithe mean, median|,
and standard deviation by the same constant.

3. Bothrules can be applied simultaneously when the changsitisis a linear trans-
formation that involves both a shift (adding or subtractiagd a scale chang¢

(multiplying).

In the sciences when one changes the unit of measuremengcpgeftly happens, this
change of scale often requires the foregoing rules. Exasrgflenit changes include feet to
inches, centimeters to inches, pounds to kilograms, maespur to kilometers per hour, and
so on.

Example 2.12

In 1987 the daily maximum temperature in Mayville, North Btk was recorded each day.
For the year, the mean of the daily maximum temperatures ®24 5F. The median was 60

F, and the standard deviation was 24.89The linear transformation for converting temper-
atures from Fahrenheit to Celsius is

_ 5
= S(F 32

Thus, rst 32is subtracted from each Fahrenheit tempegaeading, and then each @irence
is multiplied by the positive constant 8. If each of the 365 daily maximum temperatures is
converted from Fahrenheit to Celsius, we get

new mean= g(old mean 32) C
5
= 5(58.21 32) C= 14.56C
new mediare g(old median 32) C
5
= 5(60 32) C=1556C
new standard deviation g(old standard deviation)

= g 24.39C= 13.55C
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Section 2.3 Exercises

Note: A calculator is needed for many of the exercises.

1. Compute the sample me&and use the computational formula (see Example 2.10) to atipe sample standard
deviations of each of the following two lists of numbers:

List A: 1 1 2 2 2 2 4
6

List B: 1 2 3 4 4 5 7
2. The following are the dotplots of four data sets labeled ACBand D.
A B o
©
©
©
©
©
©
©
© ©
© © © © © ©
© © © © © ©
I T T T 1 I T T T 1
1 2 3 4 5 1 2 3 4 5
C D
© © ©
© © ©
© © ©
© © © © ©
© © © © © © © ©
I T T T 1 I T T T 1
1 2 3 4 5 1 2 3 4 5

a. True or false: Each data set has mean 3.
b. Which of the four data sets has the smallest standard dena{iNo computation is necessary.)
c. Which of the four data sets has the largest standard denfafido computation is necessary.)

3. Consider again the three data sets in Exercise 4 of SecttoBe following are the dotplots for the three distribu-
tions.
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©

©

©

©
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©
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© © ©
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© © ©

© © ©

© © ©

© © ©
© © © ©000000000000000000000 © © ©
I T 1 I T 1 I T 1
40 50 60 40 50 60 40 50 60

Class A Class B Class C

Each of the three classes has mean score 50.
a. Measuring spread by the range, which class has the largestdspf scores? (Choose one option.)

Class A Class B Class C All three are equal

b. Measuring spread by the standard deviation, which classhieasirgest spread of scores? (Choose one option.
No computation is necessary.)

Class A Class B Class C All three are equal

c. Measuring spread by the standard deviation, which clasthieasmallest spread of scores? (Choose one option.
No computation is necessary.)

Class A Class B Class C All three are equal

4. A math instructor gave an exam. A sample of 10 exam gradesén diere:

62 54 76 69 43 77 61 73 81 56

a. Compute the mean, median, and standard deviation.
b. Because the test was hard, the instructor decided to abigirades by adding 10 points to each score. Without
recomputing, what will be the values of the mean, median standard deviation for the new scores?
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5. An instructor gave an exam with a possible perfect score ph@8 the following results:

25 30 22 14 17 29 33 11 20 22

a. Compute the mean, median, and standard deviation.

b. The instructor rescales the scores by tripling each of theesc Without recomputing, what are the values of the
mean, median, and standard deviation now?

6. The United States Environmental Protection Agency hasrtegdhe number of days metropolitan areas have failed
to meet adequate air quality standards in 1988 and 1997.

Area 1988 1997 Area 1988 1997
Atlanta 44 26 New Haven 26 19
Bakers eld 126 55 New York 57 23
Baltimore 60 30 Orange County, CA 56 3
Boston 28 30 Philadelphia 53 32
Chicago 40 9 Phoenix 29 15
Dallas 37 15 Pittsburgh 43 20
Denver 35 0 Riverside, CA 185 106
Detroit 35 12 Sacramento 88 2
El Paso 15 3 St. Louis 44 15
Fresno 110 50 Salt Lake City 16 1
Hartford 39 16 San Diego 123 14
Houston 72 47 San Francisco 1 0
Las Vegas 30 0 Seattle 20 1
Los Angeles 239 63 Ventura 108 44
Miami 8 3 Washington, DC 56 28
Minneapolis 11 0

a. Compute the mean, median, and standard deviation for each\hat do the results suggest?

7. Produce ve data points with a mean of 12 and a standard dewiaf 0. Is there any other set of ve points that
achieves this?

8. MacWorldin September 1996 reported these average costs per megdlsttgage on hard drives available for
home computers:

1992 1993 1994 1995 1996
$5.07 $2.40 $1.14 $0.53 $0.36
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9.

10.

11.
12.

13.

14.

a. Compute the mean, median, and standard deviation of cass gbove.
b. Do you think that these are appropriate measures to re ectdhl story in these data?

A baseball pitcher's earned run average (ERA) is the numbaurss that opposing teams score per nine innings.
The ERAs of various Chicago Cubs pitchers early in the 2088, through April 29, were as follows:

3.86 645 871 0.00 277 284 853 348 533 575 14.46

a. Compute the mean, median, and standard deviation.
b. Suppose you eliminate 14.46 as an outlier. Recompute tha,mezdian, and standard deviation. Discuss how
each has changed and why.

An article in Farming (Septembéctober 1994) listed the following in-state yearly tuitiand fees per school for
14 land-grant universities:

1554 2291 2084 4443 2884 2478 3087
3708 2510 2055 3000 2052 2013 2550

a. Compute the mean, median, and standard deviation.

b. Suppose each university decided to increase the tuitiorfiesasby $500 in 1996. What would the new values of
the mean, median, and standard deviation be?

c. We know that tuition and fees have steadily risen. Supposie eaiversity had increased its tuition and fees for
the year 2000 by 10% (multiply the 1994 tuition by 1.1). Nowawkvould the values be for the mean, median,
and standard deviation?

Is it possible for the standard deviation to be negative Adimp

Consider a sample of ve exam grades in each of two classes:

Class I: 90 92 87 88 95
Class II: 50 70 82 55 80

a. Without doing any calculations, which set of scores has igadr mean? Which set has the larger standard
deviation? Why?

Brie y describe the di erence between what the mean and the standard deviatiommae&xplain why reporting
both is important.

a. Compute the standard deviation for the presidents' datxantple 2.5.

b. What percentage of the data lies within one standard dewiafithe mean?

c. What percentage of the data lies within two standard deristof the mean?

d. Isthe 68-95-99.7% Rule accurate? Referring to the stemplexample 2.5, is this what you expected?



15.

16.

17.

18.
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a. Compute the standard deviation for Roger Maris's home rfisiample 2.2.
b. Leave out Maris's exceptional 61 home runs and compute #relard deviation for the remaining nine scores.
c. Compare the two answers. Is the standard deviation a nesiatzasure of spread?

Scores on 1Q tests have a symmetric distribution that is lyulgell shaped. Reported 1Qs are scaled so that the

distribution has a mean of 100 and a standard deviation ofSifppose that a standard IQ test is given to 2000

students. Use the 68-95-99.7% Rule to answer the followirgstjons:

a. About how many students in the group will have an 1Q betweear®130?

b. About how many students in the group will have an 1Q betwedhdrt 130?

c. About how many students in the group will have an IQ greatanth45?Hint: Find the approximate number
between 55 and 145 rst.

The following observations were made of the weights (indtifoms) of 12-year-old boys.

40.96 33.54 37.64 26.82 42.99 44.39 32.04 31.02 38.53 34.20
31.54 34.66 44.81 39.69 40.73 38.73 37.06 38.15 34.85 33.01
44.57 42.96 49.89 50.05 42.11 49.99 54.18 35.13 41.06 37.14
39.58 41.42 48.64 32.82 41.62 38.07 44.61 40.61 38.93 44.10
36.13 52.28 29.71 35.03 50.87 45.82 34.87 49.15 31.00 41.86

a. Construct a histogram using the intervals 25.0-2,7259.5-30.0, 30.0-32.5, ...

b. Find the mean and the standard deviation.

c. What percentage of the data lies within 1 standard deviatitine mean? What percentage of the data lies within
2 standard deviations of the mean? How does this comparemhi we would expect of a normal (bell-shaped)
distribution?

The multiple choice questions in this exercise refer to tistograms that follow, which show the distribution of
the daily high temperatures in 1987 for Olga, Washingtop)(tMinneapolis, Minnesota (middle), and Belle Glade,
Florida (bottom). All three histograms use the same tenipegascale shown at the bottom of the Belle Glade
histogram.

Hint: Figure 2.16 indicates howands can be estimated from the histogram.
a. The average high temperature for Olga is closest to whichqsh one)?

45 F 60F 75F 83F 95F

b. The standard deviation of the high temperatures for Olgboiest to which (choose one)?

1F 3F 5F 10F 20 F

c. Is the average high temperature for Minneapolis at leaste®eis less than, about the same as, or at least 20
degrees higher than the average high temperature for Oifadoée one.)

d. Isthe standard deviation of the high temperatures for Mapioéis about half of, about the same as, or about twice
the standard deviation for Olga?

e. Is the average high temperature for Belle Glade at least g€eds less than, about the same as, or at least 20
degrees higher than the average high temperature for Olga?

f. Is the standard deviation for Belle Glade about half of, alboet same as, or about twice the standard deviation
for Olga?
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Olga, Washington

Minneapolis, Minnesota

Belle Glade, Florida

— —_—
b20 0 20 40 60 80 120
Daily high temperatures, 1987 ( 8F)

19. a. The average height of the women in Figure 1.13 (at the endaif@®el.4) is closest to which (choose one)?

60° 625 65 675
(Hint: Figure 2.16 indicates howands can be estimated from the histogram.)
b. The standard deviation of the heights is closest to

00 00 00 00 00

0.5 1 25 4 10

2.4 THE NORMAL APPROXIMATION FOR DATA

If the histogram of a data set roughly follows a bell curve #reldata set is without outliers,
then the meaix and the standard deviatiansummarize the data. All we need to be able
to apply the 68-95-99.7% Rule from Section 2.3 is the two nersk ands. We illustrated
the 68-95-99.7% Rule using the 1985 baseball batting aesrayVe shall give two more
examples.
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60 65 70 75
Height in inches

Figure 2.17 Density histogram of the
heights of 8585 19th-century British
men.
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N

40 60 80 100
1Q score

120 140 160

Figure 2.18 Density histogram of 2200
children's Wechsler IQ scores.

Figure 2.17 shows the density histogram of the heights ob8B8eteenth-century British
men (collected by Sir Francis Galton, 1822—-1911, a pionéstatistics) together with the
superimposed idealized bell-shaped histogram. Figui&i&.the density histogram of 2200
children's IQs on a test called the Wechsler intelligenas, tegether with its idealized his-
togram. The superimposed bell-shaped curves follow batiogiams extremely well.

The Belgian scientist A. Quetelet (1796-1874) rst notedtth the heights of a large
group of people are measured, the density histogram of theigéts will resemble a bell-
shaped curve. He also studied the distributions of othesiplggical measurements, such
as weight (in recent years, usually skewed just a bit to tiietyican you guess why?), chest
girth, and arm length, and found that each approximatelgvicd the same type of bell-shaped
distribution.

Because so many physiological data sets are well approadnay bell-shaped distri-
butions, Galton coined the term “normal distributions” fmell-shaped distributions. They
are also called Gaussian distributions, after the Germahemnaatician and astronomer Carl
Friedrich Gauss (1777-1855), who encountered such disiifs in his study of measure-
ment errors in science.

The fact that most physiological characteristics mpemally distributed (this phrasing
is extremely commonly used in describing a bell-shaped sketiphas many practical appli-
cations. For example, the designer of an airplane cockpit muwange it so that most pilots
are comfortable and can reach all of the controls. Cledriy,requires knowledge of average
heights, average arm lengths, and so on, as well as knowtddge variability around these
averages so that most pilots will be accommodated. Singettpsiological variables in ques-
tion are normally distributed, all that the cockpit designeeed to know is the mean and the
standard deviation of each variable.

Table 2.6 uses the heights displayed in Figure 2.17 and tteed@es displayed in Figure
2.18 to illustrate the 68% rule. We are also including thecba#l data we already looked at
in Section 2.3. For each of the three data sets, we have abtirge@umber of observations in
the interval fronix stoX+ s.

As Table 2.6 shows, 5778 out of the 8585 men in Galton's stad$7.3%, had heights
betweerk sandX+ s. This is very close to the 68% predicted by the Empirical Rililee
two other data sets also conform to the 68% rule.
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Table 2.6 The (X 9): 68% Rule Empirically Demonstrated

Between (X s)and (X+ 9)

Data set X S X s X+ s Count Total Proportion
Batting averages 0.263 0.029 0.234 0.292 178 263 0.677
Heights 67.02 2.564 64.46 69.58 5778 8585 0.673
1Qs 100.47 15.189 85.28 115.66 1481 2200 0.673

Table 2.7 illustrates the 95% rule using the same three d¢da s

Table 2.7 The (X 29): 95% Rule Empirically Demonstrated

Between (X 2s)and (X+ 29)

Data set X S X 2s X+ 2s Count Total Proportion
Batting averages 0.263 0.029 0.205 0.321 251 263 0.954
Heights 67.02 2.564 61.89 72.15 8087 8585 0.942
1Qs 100.47 15.189 70.09 130.85 2105 2200 0.957

standard scores

In all three cases, very close to 95% of the observationsetrederx 2sandX+ 2s. But
we can do much more. Using onf/ands, we can for each of these three data sets (batting
averages, male heights, and 1Q scores) approximatelyheelpércentage of observations in
any interval,not just in the intervalg¢X s X+ s) and standard scordX 2s,X+ 2s). To
do this we rst have to introducstandard scoresor z-scores

Z-Scores

In high school Yoko scored 29 on the mathematics sectioneoABT college entrance exam.
Her friend Soledad took the SAT and scored 650 on the mathesrszction. Nationwide the
ACT scores followed a normal curve with mean 21 and standewdton 6. The SAT scores
were normally distributed with mean 500 and standard dievidt00. If we assume that the
ACT and the SAT measured the same kind of ability, who diddv@tt

To compare the two scores we have to convert themzisimores. The-score tells us how
many standard deviations the original (raw) score is aboelmw the mean:

raw score mean

z-score= —
standard deviation

For Yoko we get

29 21
z-score= =

ol o
I
=
w
w

For Soledad we get

650 500 _ 150
100 100" 1.50.

Since Soledad's score is 1.50 standard deviations aboveda® and Yoko's score is 1.33
standard deviations above the mean, Soledad did better.

Z-Score=
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Using the Standard Normal Table

Let us return to the Major League Baseball batting averag&985 that we discussed in the
beginning of Section 2.3 and again in this section. Supposedesires to obtain the pro-
portion of players whose batting averages were betweena@@5265, for example. Rather
than adding up the area of the four rectangles shown in Fi@ we will now see that we
can estimate this proportion using only the overall mgan .263 and the standard deviation
s= 0.029, plus Table E (in Appendix E) for tlstandard normal curve.

We have chosen a vertical scale in Figure 2.19 that givesisihegnam a total area equal to
1. (This is just the density histogram, with bars of widthI0s@aled to have total area 1 rather
than 100%.) The area under the superimposed normal cunigigqual to 1. The area of
each histogram bar equals the proportion of players wittifgpaverages in the corresponding
interval on the horizontal axis. The proportion of playeigwbatting averages between .225
and .265 equals the combined area of the four shaded histidgaes in Figure 2.19. Since the
superimposed normal curve follows the histogram closéky,dought-after area of the four
shaded bars is close to the area under the normal curve fi2z2s @ 0.265. This illustrates
how we can estimate the proportion of players with battingrages in any interval by nding
the area over the interval under the approximating normajecu

20

15

10

N

T T
0.300 0.350

0.225 0.265

Figure 2.19 Batting averages of 263 Major League Baseball players in 1985, with
averages between .225 and .265 emphasized.

Important fact:We can determine the area over an interval under any normas @utwo
steps: First we convert the interval endpoints irtgcores. Then we nd the area over the
z-score interval under the normal curve that has mean 0 andata deviation 1. The latter

standard normal curve is called thestandard normal curve, often called thestandard normal density. Then Table

standard normal
density

E is used to compute the area.
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.50

.25

Figure 2.20 The standard normal curve.

The standard normal curve, shown in Figure 2.20, has theviolly basic properties:
The curve is bell-shaped and symmetric around 0; the paheo€tirve to the right of the
dashed line in Figure 2.20 is the mirror image of the part &léft of the dashed line.

n The curve extends inde nitely in both directions, alwayed the horizontal axis,
approaching but never touching the axis.

n The total area under the curveis 1.

n Almost all of the area under the curve is betweéhand 3 (the 99.7% rule).

Thezscores corresponding to 0.225 and 0.265 are

0.225 0.263 0.265 0.263

The batting averages between .225 and .265 correspond tosttares between1.31
and 0.07. Therefore, the proportion of batting averagewdsmt .225 and .265 equals the
proportion ofz-scores betweenl1.31 and 0.07, which in turn approximately equalsdhea
under the standard normal curfem 1.31to 0.07, indicated in Figure 2.21.

0.50

0.25

Figure 2.21 The area from 1.31to 0.07.

Table E in the back of the book gives us the area under theatamdrmal curve that lies
to the left of a speci edz-score. A portion of Table E is reproduced as Table 2.8. Totmal
area to the left oz = 0.07, as shown in Figure 2.22, locate 0.0 in the table colunterg,
enter the table horizontally, and locate the number und&w& get 0.5279. The area to the
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left of 0.07 is 0.5279.
The area to the left of 0.07 is the sum of the area to the leftloB1 and the area between
1.31 and 0.07, as shown in Figure 2.23. Therefore,
(Area between -1.31 and 0.0%) (area to the left of 0.07) (area to the left of 1.31).

According to the normal Table E in Appendix E, the area unkdeistandard normal curve
to the left of 1.31is 0.0951. Therefore, the area betweé&r81 and 0.07 is

0.5279 0.0951= 0.4328.

Table 2.8 The Relevant Portion of the Standard Normal Table

z 0 1 2 3 4 5 6 7 8 9

0.0 .5000 .5040 .5080 .5120 .5160 .5199 .523¢.5279 .5319 .5359

0.1 .5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 5714 33.57
0.2 .5793 .5382 .5871 .5910 .5948 .5987 .6026 .6064 .6103 41.61
0.3 .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 17.65

Area = 0.5279

P4 P3 P2 P1 0ON\N1 2 3 4 D4 B3 b2 b1
z=0.07 z=0.07

Figure 2.22  Finding the area under the standard normal curve to the left of 0.07.

Based on the-score of 1.31 and the normal table value of 0.0951 corresponding 81,
we estimate that approximately 9.51% of the batting average below .225. This happens
to be exactly right: 25 out of 263 were, which is 0.0951 to ¢hs@gni cant gures! Using
the normal curve we further estimate that 43.28% of the lgtiverages were between .225
and .265. In fact, 115 out of 263 players, or 43.73%, hadrgptiverages in this range. The
normal approximation is quite accurate!

Area = 0.5279
b 0.0951
=0.4328

Area = 0.0951

P4 B3 P2/ P1 O 1 2 3 4 P4 B3 b2/ b1
z=b1.31 z=0.07 z=D1.31 z=0.07

Figure 2.23  Finding the area under the standard normal curve that lies between —1.31
and 0.07.
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We can summarize the normal approximation for bell-shajpgddrams: We estimate the
proportion of the data that are in an interval of intereshiree steps.

The Normal Approximation for Data
1. Draw a number line and shade the interval of interest.
2. Convert the interval endpoint(s) intescores using the formula

raw score mean

z-score= —
standard deviation

3. Find the area under the standard normal curve ovez-Ho®re interval using Table E

For example, let us estimate the proportion of players whagting average was over .295.
We shall proceed in three steps.

1. Draw the raw score number line and shade the interval oféster

|
.295 Batting average

2. Convert the endpoint .295 intescore.

raw score mean _ 0.295 0.263 _

#SCOre= Standard deviation 0.029 1.10

3. Find the area under the standard normal curve ovez-#o®re interval.

|
1.10 Z-score

Since the total area under the standard normal curve equile &rea under the standard
normal curve to the right of 1.10 is 1 minus the area to thed&tt.10, as indicated in Figure
2.24. We estimate that 13.57% of the players had battingagesrover .295. In fact, 38 out
of 263 (or 14.45%) had.

Area = 0.8643 Area =1 0.8643

=0.1357

z=1.10

Figure 2.24  Finding the area under the standard normal curve to the right of 1.10.

Let us take another look at Yoko and Soledad's math scoresatWhs Soledad'per-
percentile centile on the math SAT? In other words, what percentage of all théestis who took the
SAT scored lower than Soledad on the mathematics part? Waddne answer to this ques-
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tion in the standard normal Table E in the back of the bookyéhevant portion reproduced
in Table 2.9. Since Soledadisscore is 1.50, locate 1.5 in the table column urgeanter
the table horizontally and locate the number in the columaeni®. We get 0.9332. That s,
93.32% or about 93%. So around 93% of all students who toolSAiescored lower than
Soledad on the math part.

Yoko's z-score was 1.33. We locate 1.3 in the column urglenter the table horizontally
and locate 0.9082 in the column under 3. The tabulated vadngected to a percentage
becomes 90.82%, or about 91%. So around 91% of all the stsiddvt took the ACT scored
lower than Yoko on the math section. Therefore, Soledadegive performance (expressed
as a percentile) is slightly above Yoko's.

How high did a student have to score on the math SAT to be jusieitiop 5%? We need
a score at the 95th percentile. In the table, .95 correspnas-score of about 1.65. To get
the SAT score correspondingzo 1.65, we use the formula

raw score= meant [( zscor§ (standard deviation.

Therefore,

SAT score= 500+ [1.65 100
= 500+ 165
= 665.

Table 2.9 Relevant Portion of the Standard Normal Table

z 1 0 2 3 4 5 6 7 8 9

1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 15.90
1.3 .9032 .9049 .9066 .9082 .9099 9115 9131 .9147 9162 9177
1.4 .9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 19.93
15 .9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6 .9452 .9463 9474 .9484 .9495 .9505 .9515 .9525 .9535 .9545
1.7 .9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 33.96

This chapter introduced the normal curve as a tool to desdribdetail the spread of
roughly bell-shaped data sets. Following the introductibprobability modeling in Chap-
ter 4, the normal curve will be studied further in Chapter @heescentral theoretical tool in
probability modeling and statistics.

Section 2.4 Exercises

1. On a midterm exam the mean score was 50 and the standardideviats 15.
a. Convert each of the following exam scorestscores: 50, 35, 80.
b. Find the exam scores corresponding to#fseores 0, 0.6, 1, 2.

2. Convert each entry on the following list intescores: 5, 2, 6, 8, 5, 4. (Use the mean and the standard idewirt
the list.)

3. 1Q scores are normally distributed with mean 100 and stahdeviation 15. Find the percentage of 1Q scores that
are
a. below 120
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b. below 90
c. between 90 and 120

4. How high must a person's IQ score be to fall at the top 5% of@lstores? How high to fall at the top 2.5%7? (See
the previous exercise.)

5. The heights of young women are approximately normally ittisted with mean 65 inches and standard deviation
2.5 inches. Find approximately the percentage of women wéo a
a. under 69 inches tall
b. under 62 inches tall
c. between 62 and 69 inches tall

6. The Public Health Service examined a representative cexg®n of several thousand American men ages 18 to
74. The systolic blood pressure of these men approximadiiywfed a normal curve with mean 130 and standard
deviation 18. Any blood pressure of 160 or above is consiiéhegh.” Any blood pressure from 140 to 160 is
considered “borderline.”

a. Estimate the percentage of men with high systolic bloodgunes
b. Estimate the percentage with borderline systolic bloodguee.

7. The length of human pregnancies from conception to birthh@pmately follows a normal curve with mean 266
days and standard deviation 16 days.

a. Estimate the percentage of pregnancies that last less #itada¥'s (which is roughly 8 months).

b. Estimate the percentage of pregnancies that last betwékda34 and 270 days (which is about 8 to 9 months).

8. The systolic blood pressure of men ages 18 to 24 approxiyfaiéws a normal curve with mean 124 and standard
deviation 14, according to the Public Health Service and\thigonal Center for Health Statistics (see Exercise 6).
a. Estimate the percentage of men ages 18 to 24 with high systiolod pressure (160 or above).
b. Estimate the percentage of men ages 18 to 24 with bordesistel& blood pressure (140 to 160).

2.5 BOXPLOT: THE FIVE-NUMBER SUMMARY

We saw in Sections 2.3 and 2.4 that if a data set has an apptedinbell-shaped distribution

without outliers, the mean and the standard deviation sui@m#he main features of the

distribution and indeed allow us to estimate proportionpencentages of the data falling in

any interval. For skewed distributions and distributionthweutliers, however, the mean and

standard deviation will not give us a meaningful summarye ploblem is that it is di cult

to interpret the mean and the standard deviation when thierewuliers or the distribution is
quartiles skewed. Instead we shall use thgartiles to summarize the data. The quarti@s, Q,, and

Q3 divide the data into four equal parts (Figure 2.28) separates the bottom 25% of the

data from the top 75%Q- is the median, which separates the bottom 50% from the top 50%

of the data. FinallyQs separates the bottom 75% from the top 25% of the data.

We will give a very simple method for determining the quagil Some computer programs



second quartile
rst quartile

third quartile
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and calculators might compute the values in a slightlyedént manner, but the results will be
close.

1. Sort the data from smallest to largest and compute the medi&is is thesecond
quartile, Qo.

2. The rst quartile , Q1, is de ned to be the median of all the data to the lef(pf
3. Thethird quatrtile , Qs, is de ned to be the median of all the data to the rightif

Example 2.13 illustrates how the quartiles are determined.

Example 2.13

The number of home runs hit by Babe Ruth during his 15 yeaifs thi¢ New York Yankees
were, in increasing order as follows:

22 25 34 35 41 41 46 46 46 47 49 54 54 59 60

Q1 Q2 Q3

With 15 observations, the media@4) is the eighth smallest observation. The rst quartile
(Qq) is the median of the rst seven observations to the left@f and the third quartile
(Qa) is the median of the last seven observations to the rigigboNote that even though the
seventh, eighth, and ninth smallest observations havathe galue (namely, 46), the seventh
observation (also a 46) is considered to be to the lefpnfand the ninth observation (also a
46) is considered to be to the right @b.

From 1987 to 2000 the number of home runs hit by Mark McGwireayim increasing order,
as follows:

9 9 22 32 32 33 39 39 42 49 52 58 65 70

Q1 Q2 Q3

With 14 observations, the median is the average of the sevard the eighth smallest
observations, the middle two observations. The rst quartQ;), is the median of the rst
seven observations, and the third quart®), is the median of the last seven observations.
We getQ; = 32, mediarF ( 39+ 39)/ 2= 39, andQs = 52. Here the seventh observation
is considered to be to the left Qf, and the eighth observation is considered to be to the right

of Qo.
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| 25% 25% | 25% | 25% i
Q1 Q2 Q3

(a) Uniform

Qi Q2 Qg3
(b) Bell-shaped

Qi Q Q3

(c) Right-skewed

_ﬁ 25% [25%| 25%

Figure 2.25 Quartiles for

Q1 Q, Q3 uniform, bell-shaped,
right-skewed, and left-skewed
(d) Left-skewed distributions.

To compare the performances of Babe Ruth and Mark McGwirecawdd draw boxplot
boxplot back-to-back stem-and-leaf plots, or we could draw sidesitg boxplots. We need ve
summary values to construct a boxplot:

1. The minimum value
2. The rst quartile

3. The median

4. The third quartile

5. The maximum value

ve-number summary These ve values are referred to as tiwe-number summary. The boxplot based on the
ve-number boxplot ve-number summary is called &ae-number boxplot or simply aboxplot.
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To draw the ve-number boxplot, draw a box around the rst ahdd quartiles. Draw a
vertical line through the box at the median value, and draxizbatal lines (the whiskers) to
connect the edges of the box (at the rst and third quartieghe minimum and maximum
values. Boxplots give a rough idea of the shape of the datdrs&tigure 2.26, boxplots are
sketched for ve common idealized data distributions.

In addition to using the ve numbers, we sometimes want tacily identify outliers as

outlier boxplots was done in Figure 2.1, which displagstlier boxplots. Outliers are indicated by asterisks
() and potential outliers by circles), The whiskers extend from the box to the largest and
the smallest non-outlier values. (Outliers and potentigliers will be de ned below.)

Example 2.14

Table 2.10 gives the number of farms (in thousands) for idd&l states in 1998. For exam-
ple, Alabama has 49,000 farms. The ve-number summary is

Min = 0.6,Q1 = 9.6, M= Q = 38.75,Q3 = 65.0, M = 226.0

The outlier boxplot is drawn in Figure 2.27. We see that therene extreme value. It is
a potential outlier, with value 226.0 (Texas). (The precide for deciding when a point is
labeled a potential outlier or an outlier is given in a whiléwe separately label the potential
outlier (as was done in the Key Problem at the beginning sf¢hapter), the maximum of the
remaining data is 110.0 (Missouri). Note that the whiskedrswn to this remaining states'
maximum andot to the potential outlying value (see also Figure 2.1). Heva®1, Qo, and
Qs were computed using all 50 states, including the potentilyimg Texas value.

e R | -

Qi Q2 Qg Q1 Q2 Q3 Q1 Q2 Q3
*——— ——e 1 —e *— —e
(a) Uniform (b) Bell-shaped (c) U-shaped
Q1Q2 Q3 Q1 Q2Q3
*—— ° ° ——e
(d) Right-skewed (e) Left-skewed

Figure 2.26 Distribution shapes and typical boxplots for uniform, bell-shaped,
U-shaped, right-skewed, and left-skewed distributions.
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Table 2.10 Number of Farms per State, 1998 (in
thousands)

Number of Farms per State, 1998 (in thousands)

Alabama 49.0 Nebraska 55.0
Alaska 0.6 Nevada 3.0
Arizona 7.9 New Hampshire 3.1
Arkansas 49.5 New Jersey 9.6
California 89.0 New Mexico 16.0
Colorado 29.5 New York 38.0
Connecticut 4.1 N. Carolina 58.0
Delaware 2.7 N. Dakota 31.0
Florida 45.0 Ohio 80.0
Georgia 50.0 Oklahoma 83.0
Hawaii 5.5 Oregon 39.5
Idaho 24.5 Pennsylvania 60.0
Illinois 79.0 Rhode Island 0.8
Indiana 66.0 S. Carolina 25.0
lowa 97.0 S. Dakota 32.5
Kansas 65.0 Tennessee 91.0
Kentucky 90.0 Texas 226.0
Louisiana 30.0 Utah 15.0
Maine 6.9 Vermont 6.7
Maryland 125 Virginia 49.0
Massachusetts 6.0 Washington 40.0
Michigan 52.0 W. Virginia 21.0
Minnesota 80.0 Wisconsin 78.0
Mississippi 42.0 Wyoming 9.2
Missouri 110.0

Montana 275 United States 2192

Source:National Agricultural Statistics Service, U.S. Departrinei
Agriculture.

{1} o

0 100 200 300 Figure 2.27 Boxplot of number of farms per state.

When we look at the data, we notice that this potential ongjywialue corresponds to the
state of Texas. It is useful to call attention to outlierseliTexas in this example, because we
may want to understand why they are soetfient from the rest of the data.

pPppPPpPPPPPPPPPP PP PP PP PP

The boxplot gives us a graphical method for looking in broadkes at variation within
the data (see Figure 2.26). The box itself represents thdlenED% of the data. We de ne
interquartile range theinterquartile range (IQR) as the di erence between the third and rst quartiles:

(IQR)
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IQR= Q3 Q.

In Example 2.14, IQR= 65.0 9.6= 55.4.

The interquartile range is a much more resistant measuraridtion than the standard
deviation is, because (unlike the standard deviation) itasin uenced by the largest and
smallest values in the data set. We will see later when weyststimation and hypothesis
testing, however, that the standard deviation is a more itapbmeasure of variation for
statistical inference.

Example 2.15

The following data consist of the percentages of eightligistudents in various states (all
states that reported data) who scored at or above pro cexm$ in national tests in 1998
(source:National Assessment of Educational Progrdéational Center for Education Statis-
tics, U.S. Department of Education).

Reading 21 28 23 22 30 42 25 12 23 25 19 35 29
18 42 31 36 37 19 29 24 24 34 31 29
33 30 22 26 28 31 33 32 27 33 29 31

Science 18 31 23 22 20 32 36 21 5 21 21 15 30 36
13 41 25 37 32 37 12 28 41 35 19 27 24 41
32 26 17 22 23 32 34 27 27 21 39 34 27 23

We can compare the two sets of data by using boxplots, as drakigure 2.28.

—Hl—
- -

Reading Science

T T T T Figure 2.28 Percentages of eighth-grade students
0 10 20 30 40 50 scoring at or above pro cient levels on national tests.

There is not a great deal of dérence between the medians of the two groups of percent-
ages, but because the science box is wider, there appeagsiore variation in the science
scores. When we compare the medians, we are comparing tterser the two groups.
However, when we look at the size of each box (the IQR), we ansidering the variation
(or spread) within each group of percentages.

In this case the dierence in variation might be of considerable importancedtecators,
suggesting the need for more remedial programs in scieechaps.
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outlier

potential outlier

pppPpPPPPPDPPPPP PP PP PP PP

We need a rule for deciding whether a value is so extreme thaeds to be specially
labeled as an outlier to call the user's attention to. Theriuiartile range gives us a starting
point to do this. Here is a commonly used method:

When a data value is anoutlier or potential outlier.

n Label a value to be aautlier if it is more than 3 times the IQR in distance from
the nearer of the rst and third quartiles. Denote it by aredsk ().

n Ifavalueis more than 1.5 and less than 3 times the IQR inmistérom the neare
of the rst and third quartiles, label it to beotential outlier and denote it by a
circle ().

Figure 2.29 clearly shows the procedure for a typical boxplthis somewhat arbitrary
choice of 1.5 and 3 has become standard practice in de nitigeosiwhen doing a boxplot.
The TI-83 Plus and TI-89 calculators and many statisticabater programs will also show
outliers on a modi ed boxplot, as was done in the Key Problénthis case, the whiskers are
drawn to the smallest and largest values that are not aatligy, Q,, andQ3z are computed
using all the data, including potential and actual outli@iues. Keep rmly in mind that the
labeling of points as outliers is tricky and subjective; 1h&-3 rule above is just one possible
approach that statisticians use.

3°d — -—— 3°d
Outlier| Potential |«1 5 g =< d =15 d | Potential Outlier
range | outlier outlier range
range range
Q1 Qs
d=1QR=Q3DPQq o Potential outlier
% Outlier

Figure 2.29 How outliers and potential outliers are identi ed in an outl ier boxplot.

Caution A boxplot displays the center and the spread of a set of ntenb&n outlier
boxplot also indicates outliers. But a boxplot does notusiivhether the data set has clusters
or gaps, which are important characteristics of a data senwhey occur. As a tool for
determining the shape (or distribution) of a data set, batsptan be deceptive. For example,
consider the back-to-back stem-and-leaf plots in Tablg.2The rst data set has clusters and
gaps, whereas the second data set is bell-shaped with noBatthe two data sets have the
same ve-number summary and therefore the same boxplotidDisly, the boxplot does not
tell the whole story.
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Table 2.11 Back-to-Back Stem-and-Leaf Plots

Leaf (First Data Set) Stem Leaf (Second Data Set)

9,6,5 0 5
1 6
2 2,7
9,8,7,7 3 2,57
0 4 1,3,5,9
5 0,2,4,6,8
9,8 6 1,4,6,8
3,31 7 3,6,9
31 8 4,8
9 5

1 10 1

Example 2.16

Consider the ages of the male Academy Award winners in theR¢ellem at the start of the
chapter. The data has been summarized in Table 2.12.

Actors: IQR= 51 37= 14
15 IQR=15 14=21
Q1 (1.5 IQR)= 37 21=16
Q3+ (15 IQR)= 51+21=72
3 IQR=3 14= 42
Q1 (3 IQR)= 37 42= 5
Q3+ (3 IQR)= 51+ 42= 93

Table 2.12  Key Problem Statistics

First Third
Minimum Quartile Median Quartile Maximum
Actors 29 37 42 51 76
Actresses 21 30 34 41 82

Thus, any award-winning actor older than 93 or younger thais an outlier, an impossi-
bility for 5 and extremely unlikely for 93. Any award winning actor okagetween 5 and
16 or between 72 and 93 is a potential outlier. Looking at tta,dwe see that Henry Fonda
at age 76 is a potential outlier for the actors. Maybe Fong8e& Actor Academy Award was
partly a lifetime achievement award, given to a popular astortly before his death. Since
there have been famous child stars, we could have had a f@biewt outlier, of course, but
in this case we did not. A similar analysis is possible forabtress data.



124 CHAPTER 2

cumulative distribution

cumulative distribution
function

SUMMARIZING DATA BY NUMERICAL MEASURES

Cumulative Distributions

Table 2.13 gives theumulative distribution of American households by income in 1997.
For selected income levels the table gives both the numbleowdeholds and the percent of
all 102.5 million households with income below that levebtblthat the tabulated percents,
by their de nition, are increasing from top to bottom of tteest column.

For example, 34.9 million households, or 34% of all 102.3iorilhouseholds, earned less
than $25,000. Figure 2.30 shows the cumulative percenteglagainst income, as obtained
from Table 2.13.

Table 2.13 Cumulative Distribution of
American Households by Income, 1997

Number

Income (in millions) Percent

Under $10,000 11.3 11.0
Under $15,000 19.6 19.1
Under $25,000 34.9 34.0
Under $35,000 48.5 47.3
Under $50,000 65.2 63.5
Under $75,000 83.7 81.6

100

90

Cumulative percent

Figure 2.30 Cumulative
percents plotted against

10 20 30 40 50 60 70
Income (in thousands of dollars) income.

The cumulative distribution function in Figure 2.30 was drawn using Table 2.13. It can
be used to estimate the quarti@s, Q2, andQs of the income distribution. We get



Section 2.5 Boxplot: The Five-Number Summary 125

Q; $19,000Q, $37,000, and)z $66,000.

Itis just as easy to estimate other percentiles in additiché three quartilesq; = 25th
percentileQ, = 50th percentileQs = 75th percentile) of the income disribution. Recall that
gth percentile the gth percentile separates the bottog¥ of the data from the top100 )% of the data.
For example, the 60th percentile was around $47,000. It atbels, we estimate that around
60% of all households earned less than $47,000 in 1997 anohé0% of all households
earned more than $47,000. A cumulative distribution fuorcis often drawn with the vertical
axis being a proportion from 0 to 1 rather than a percentilenf® to 100%.

Section 2.5 Exercises

1. The following are dotplots of four data sets labeled A, B, @& &.

A B °
o
o
o
°
o
°
o
o ° ° ° ° °
° ° ° o o o
© ° o ° ° ° o ° ° °
T T T T 1 T T T T 1
1 2 3 4 5 1 2 3 4 5
C D
o °
o o o
° o ° o o
o o o o °
° o ° ° °
o o o o o o ° o o °
T T T T 1 T T T T 1
1 2 3 4 5 1 2 3 4 5

a. Which of the four data sets has the ve-number summary (chan®e option): (minimumQi, median,Qs,
maximum)= (1, 2, 3, 4, 5)

onlyA onlyB onlyC onlyD bothAandD
b. Which of the four data sets has interquartile range (IQRpétm0?

onlyA onlyB onlyC onlyD bothAandD
c. Which of the four data sets has interquartile range (IQRpéetu4?

onlyA onlyB onlyC onlyD bothAandD
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2. From 1986 to 2004 the number of home runs hit by Barry Bondgwer

1986 1987 1988 1989 1990 1991 1992 1993 1994 1995
16 25 24 19 33 25 34 46 37 33

1996 1997 1998 1999 2000 2001 2002 2003 2004
42 40 37 34 49 73 46 45 45

Consider the stem-and-leaf plots below:

116,9 16,9 6,9
2|4,5,5,6 4,5,5 4,5,5
313,3,4,4,7,7 3,3,4,4,7,7 3334477
4/0,2,5,5,6,9 0,2,55,6,9 4 0,2,5/5,6,9
5 5 5
73 73 7 3
Plot A Plot B Plot C
a. The stemplot for Barry Bonds's home runs is (choose one optio
Plot A Plot B Plot C
b. The median of Barry Bonds's home run scores is
33.5 37 35.5 38.5 34
c. The rst quartileQq is
29 24.5 25.5 25 24
d. The third quartileQs is
46 43.5 42 45.5 45
e. Therangeis
73 34 195 20 57
f. The interquartile range (IQR) is
73 34 195 20 57

g. According to our criterion, is Barry Bonds's 73 home runs @02 a potential outlier?

Yes No
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3. The salaries of the Kansas City Royals for the 2006 seasoa agsiollows:

Player Salary Player Salary

Mike Sweeney $11,000,000 Mike MacDougal $430,000
Reggie Sanders $ 5,000,000 Zack Greinke $365,000
Mark Redman $ 4,500,000 Mike Wood $350,000
Mark Grudzielanek $ 4,000,000 Chris Booker $350,000
Scott Elarton $ 4,000,000 John Buck $349,500
Tony Gra anino $ 2,050,000 Andrew Sisco $346,500
Angel Berroa $ 2,000,000 Jimmy Gobble $345,500
Doug Mientkiewicz $ 1,850,000 Mark Teahen $344,500
Emil Brown $ 1,775,000 Ambiorix Burgos $339,500
Elmer Dessens $ 1,700,000 Denny Bautista $335,500
Matt Stairs $ 1,350,000 Bobby Madritsch $335,000
Jeremy A eldt $ 1,000,000 Esteban German $333,000
Paul Bako $ 700,000 Steve Stemle $330,000
David DeJesus $ 500,000 Shane Costa $327,500

Determine the median salary.

Find the rst quartileQs and the third quartil€s.
Determine the interquartile range.

Is Mike Sweeney's salary an outlier? Explain.
Are there any potential outliers? Explain.
Draw an outlier boxplot for the salaries.

4. Consider the salaries of the San Diego Padres for the 2086se¢5ee Exercise 6 in Section 2.1.)
a. Determine the median salary.
b. Find the rst quartileQ and the third quartil€s.

Determine the interquartile range.

Is Chan Ho Park's salary an outlier? Explain.

Are there any potential outliers? Explain.

Draw an outlier boxplot for the salaries.

5. Construct an outlier boxplot for the white blood cell countal of Exercise 8 of Section 2.2. Be sure to indicate
outliers and potential outliers. What do the outliers irdiécin this example?

6. Repeat Exercise 5 but using the data on drug use in Exercis8&ction 2.2 (high school marijuana use).

-~ ® 20 T

- ® 2 0

7. The U.S. Bureau of Labor Statistics gave these unemployratet for the years in the following table:
a. Draw a line graph. (See Figures 2.2 and 2.7.)
b. Determine the interquartile range.
c. Determine whether there are any outliers or potential erstli
d. Draw an outlier boxplot and label the corresponding values.
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8.

9.

10.

Unemployment Unemployment Unemployment
Year rate (percent) Year rate (percent) Year rate (percent)
1975 8.5 1988 55 1997 4.9
1980 7.1 1989 5.3 1998 4.5
1981 7.6 1990 5.6 1999 4.2
1982 9.7 1991 6.8 2000 4.0
1983 9.6 1992 7.5 2001 4.7
1984 7.5 1993 6.9 2002 5.8
1985 7.2 1994 6.1 2003 6.0
1986 7.0 1995 5.6 2004 5.5
1987 6.2 1996 5.4

The percentages of the popular vote won by the winning canelich presidential elections from 1948 to 2004 are
given below.

1948 1952 1956 1960 1964 1968 1972 1976 1980 1984 1988 199% 12800 2004
49.6 551 574 497 61.1 434 607 50.1 507 588 534 43.02 4979 50.6

a. What are the mean, median, and standard deviation of thengpercentages?
b. Compute the rst and third quartiles. Which elections fadlldw the rst quartile (close elections)? Which fall
above the third quatrtile (landslides)?

The U.S. Department of Energy released fuel consumptiamsi(es per gallon) for midsize cars and for four-wheel-
drive sport utility vehicles (SUVs) in 1998.

Midsize 25 26 29 24 26 29 30 28 28 29 27 28
23 23 25 26 33 29 26 24 28 26 16 25
30 25

SuUvV 19 20 19 17 18 19 20 19 19 18 19 16
19 21 20 19 26 26 22

Discuss any signi cant dierences you can nd between fuel consumption of midsize aadsSUVSs, using indices
and techniques you have learned to use in this chapter.

USA TodayFebruary 17, 1995) reported the sizes of the police fortéise 10 largest cities in the United States in
1993 (in hundreds) as follows:

29.3 7.6 12.1 4.7 6.2 1.9 3.9 2.8 2.0 1.7
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12.

13.

14.

15.

16.

17.

18.
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a. Construct an outlier boxplot for the data.

b. Find any outliers and potential outliers.

c. Find the mean and median of the data. What can you tell abeugtthpe of the distribution? Is it skewed to the
right, skewed to the left, or symmetric?

When should we use the interquartile range as a measureiabily instead of the standard deviation?

Draw an outlier boxplot for the salaries of the Miami Heat floe 2005—-2006 season (see Example 2.6). Is Shaq's
salary an outlier?

Draw rst a dotplot and then an outlier boxplot for Newcombreasurements in Table 2.2 (Example 2.8). Do not
include the two negative values in the dotplot; they are so®f to be included. But include the negative values in
the boxplot. Determine the interquartile range and idgratify outliers.

Draw a boxplot for Roger Maris's home run data (see Examg Determine the interquartile range. Is Maris's
record-setting total of 61 homers an outlier, accordinguotechnical de nition?

Sketch a boxplot for the age distribution of deaths due tatliisease in 1996 (see Exercise 14 of Section 2 of this
chapter). Make sure that the shape of the boxplot re ectslhiape of the histogram (see Figure 2.26).

The following quartile boxplots represent four érent data sets. One distribution is uniform, one is belpsha
one is right skewed, and one is left skewed. Which is whidif®: See Figure 2.26.

Do the analysis of Example 2.16 for the Academy Award actaggsdata. Also compute the mean and the stan-
dard deviation. Remove the outliers and the possible astiad compute the median, mean, interquartile range,
and the standard deviation for the new data set. Which messue most resistant to changd?in{: Use the
“computational” formula fors?.)

The following table gives the percent of the populations tffska and Florida, respectively, below selected ages in
1998.

Age Alaska Florida Age Alaska Florida
Under 5 years 8% 6% Under 55 years 87% 72%
Under 18 years 31% 24% Under 65 years 94% 82%
Under 25 years 42% 32% Under 75 years 98% 91%
Under 35 years 55% 45% Under 85 years 100% 98%
Under 45 years 73% 60%

For example, 8% of the population of Alaska and 6% of the patarh of Florida were under 5 years old. The table
also shows that 55% of the population of Alaska and 45% of dpifation of Florida were under 35 years old. The
graphed cumulative distributions show the cumulative @ete plotted against age for Alaska and Florida. The table
and graph are to be used to compare the age distributionsaskaland Florida in 1998.
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In each of parts (a) through (f), choose one option and explai

a. The median age in Alaska was around

15 19 31 38 47 58
b. The median age in Florida was around

15 19 31 38 47 58
c. The rst quartile of the Alaska age distribution was around

15 19 31 38 47 58
d. The third quartile of the Alaska age distribution was around

15 19 31 38 47 58
e. The rst quartile of the Florida age distribution was around

15 19 31 38 47 58
f. The third quartile of the Florida age distribution was ardun

15 19 31 38 47 58
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g. Approximate the interquartile range for each distribution
h. Write a sentence or two comparing the age distributions aské and Florida.

19. Con rm that Texas is a potential outlier in Example 2.14.

CHAPTER 2 SUMMARY

Descriptive data analysis begins with graphical displ&ys.then add summarizing numbers
to the description. The most common descriptions of cemdrspread are thmean and
standard deviation and the ve-number summary. The ve-number summary consists of
the median, the rst and third quartiles, and the smallestlargest observations.

Both the mean and the median are measures of the centemdttian separates the bottom
50% of the data from the top 50% of the data. Thean of the data is the usual arithmetic
average. For approximately symmetric distributions withautliers, both the mean and the
median will be close together and as such de ne the centeheflistribution. In skewed
distributions and distributions with outliers, the mearai®cted by the “pull” of extreme
(very large or very small) observations. In skewed distidns, the mean is pulled away
from the median toward the long tail. For such distributidhe median is a better measure
of the center than the mean.

Unlike most distributions, approximately bell-shapedriisitions can be summarized by just
two numbers, the mean and the standard deviation. For ajopaitdy bell-shaped distribu-
tions without outliers, thestandard deviation describes the spread of the data around the
mean. The 68-95-99.7% Empirical Rule applies to such disions.

z-scorestell how many standard deviations each observation is abolelow the mean:

raw score mean

z-score= —
standard deviation

The percentile rank of an observation is the percentage of all the data that asethean the
observation.

For approximately bell-shaped distributions without mr#, we can estimate the percentage
of the data that are in a given interval, using only the meahtha standard deviation (and
standard normal tables.) For such distributions, the meantlae standard deviation thus
determine all the information about the data set.

The rst quartile Q; separates the bottom 25% of a data set from the top 75%.thiitee
quartile Q3 separates the bottom 75% of a data set from the top 25%. Reeskdistributions
and distributions with outliers, the quartiles and th&erquartile range IQR = Q3 Q1
give a better description of the spread of the data than thedatd deviation. Graphing the
cumulative distribution of a data set allows one to nd quartiles as well as other peiies.
Thegth percentile separates the bottgft of the data from the tof100 q)% of the data.

Boxplots, based on the ve-number summary, are useful for compatieged distributions.

The mean and standard deviation can be adverseagtad a lot by one or more outliers. We
express this by saying that the mean and standard deviadamtresistant measures(They
cannot resist the in uence of one or more outliers.) In castythe median and quartiles are
resistant.
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Statistic Resistance to extreme values

Measure of center
Mean Sensitive
Median Resistant

Measure of spread

Range Very Sensitive
Standard Deviation Sensitive
Interquartile Range Resistant

Chapter Review Exercises

1. On April 16, 2000, the winning teams in the National Baskkthssociation scored the following numbers of points:

95 102 101 114 100 105 85 104 112

a. Compute the mean, median, standard deviation, and intgilguange.
b. Suppose the team with 114 points had shot better and scoBplali®ts instead. Then what would the measures
be? What does this say about the resistance of these metasaxtieme values?

2. A mathematics teacher is considering retirement. He has tmé that San Diego and Las Vegas are both good
retirement locations, so he decides to do some researchiroatel He dislikes big temperature changes from
summer to winter. He obtains the following average high terafures for each month:

Jan Feb Mar Apr May June July Aug Sept Oct Nov Dec

LV. 55 60 69 79 88 98 105 102 95 81 66 57
SD. 65 65 67 68 70 72 % 77 1 73 71 67

Draw boxplots for each set of data and compare the resultgch/¢ity would he prefer?

3. Combine the data for both the actors and actresses in the kel into one data set.
a. Compute the mean, median, interquartile range, and stdagaiation for the combined data set.
b. Draw a box plot for the data.

4. Draw a density histogram for the combined data in Exerci#&/8at can you determine about the distribution?

5. Which measure of the center of a distribution (mean, mediamode) is most likely the best to use in the following
cases?
a. When we have very large or very small values in relation tarés¢ of the data

When we are concerned with which value occurs most frequentl

When the data distribution is sharply skewed to the right

When the data distribution is sharply skewed to the left

When the data distribution is approximately symmetric

oo o
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6. Is the mode a good measure for the center of a distributiomPaifxyour answer.

7. Monitoring the Futurefrom the University of Michigan Institute for Social Reselarand National Institute on
Drug Abuse, presents the following data on the prevalentea¥y drinking among twelfth graders. Below are the
percentage of White, Black, and Hispanic twelfth graders Whve had ve or more drinks in a row on one or more
occasions during the past 2 weeks.

Percentage reporting 5 + drinks in a row on one or more occasions

Class of
1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 20012 Zz@03 2004

White 36.6 346 321 313 315 323 334 351 364 357 34653837 324 325
Black 144 117 113 126 144 149 153 134 123 123 1158 1115 108 114
Hispanic 25.6 279 311 272 243 266 271 276 281 29303284 264 259 26.0

a. Find the minimum, maximum, median, rst and third quartjlesd interquartile range for each of the three
groups.

b. Construct a boxplot for each of the three sets of data on tine s&t of axes.

c. Discuss any dierences you see between the three grobloge: One could ask about possible trends over time
as well. That is addressed by Chapter 3.

8. Discuss why we are interested in resistant measures whag dtaitistics.

9. The U.S. Federal Trade Commission has released the folipslata on the amount of tar and nicotine of 26 brands
of cigarettes. All measurements are in milligrams.
a. Compute the mean, median, and standard deviation for bo#imthnicotine content.
b. Are there any outliers or potential outliers in either grdup

Tar Nicotine Tar Nicotine
16 1.2 11 0.9
16 1.2 2 0.2
9 0.8 18 1.4
1 0.1 15 1.2
8 0.8 13 1.1
10 0.8 15 1.0
16 1.0 17 1.3
14 1.0 9 0.8
13 1.1 12 1.0
15 1.2 14 1.0
16 1.2 5 0.5
9 0.7 6 0.6
8 0.7 18 1.4

10. TheUniversal Almanacl993, gave the winning times for the Boston Marathon. Thiefohg gures represent the
number of minutes over 2 hours for the winning male runners:
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Years 1953-1972 18 20 18 14 20 25 22 20 23 23
18 19 16 17 15 22 13 10 18 15

(e¢]

Years 1973-1992 16 13 9 20 14 10 9 12 9
9 10 14 7 11 8 9 8 11

(e¢]

a. Draw boxplots for both sets of data.
b. Can you determine any appreciable gliences between the two @irent groups?

11. The following data consist of the ages of a random sample afrb@rs arrested while driving under the in uence
of alcohol (DUI). These data were given in tBatistical Abstract of the United Statdd4,2th edition.

46 16 41 26 22 33 30 22 36 34 63 21 26 18 27 24 31
38 26 55 31 47 27 43 35 22 64 40 58 20 49 37 53 25
29 32 23 49 39 40 24 56 30 51 21 45 27 34 47 35

a. Construct a boxplot of the data. Are there any outliers oeptil outliers?
b. Construct a stem-and-leaf plot of the same data. What casapabout the shape of the distribution?

12. The body weights of mule deer fawns between 1 and 5 monthsditesa Verde National Park have an approx-
imately bell-shaped distribution with a mean of 27.2 kilmgis and a standard deviation of 4.3 kilograms (based
on information fromThe Mule Deer of Mesa Verde National Pailg81). Based on that information, compute the

following:
a. The approximate percentage of mule deer fawns in Mesa Veedeveigh more than 35.8 kilograms or less than

18.6 kilograms.
b. The approximate percentage of mule deer fawns that weigideet 22.9 kilograms and 31.5 kilograms.
13. Consider the data of the percentage of residents age 65 dedgien in Example 2.17. Draw a stem-and-leaf plot
for the data. What can you say about the general shape ofgtrébdtion?

14. The peak wind gusts (in miles per hour) at Chicago's O'Hatermational Airport and Denver's Stapleton Airport
for February 1995 are given in the following table:
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Day Chicago Denver Day Chicago Denver
1 15 32 15 25 14
2 15 39 16 12 17
3 30 15 17 17 22
4 30 27 18 26 36
5 26 17 19 22 17
6 18 16 20 33 20
7 23 14 21 33 13
8 21 14 22 18 18
9 27 32 23 34 12

10 34 26 24 24 14
11 32 20 25 24 17
12 21 12 26 25 25
13 26 11 27 15 26
14 24 38 28 17 13

a. Find the mean and median of the peak wind gusts for Chicag®ander for February 1995.

b. Find the interquartile range of the peak wind gusts for edyh c

c. Draw two boxplots, one for each city. What can you concludmuali erences between the peak wind gusts for
Chicago and Denver for this month?

15. To investigate the work done by income tax preparation sgists, Moneymagazine sent one individual's nancial
data to 50 tax preparers. Below are the values of the caémilatome tax due (in thousands of dollars) by the 50
specialists.

125 147 160 16.6 16.7 168 169 173 173 175 184 18.91 19.
19.1 19.2 19.7 211 21.8 219 22.6 22.7 227 227 22.7 22.89 22.
229 229 229 231 233 234 235 235 235 235 23.6 23.70 24.
240 240 240 242 244 245 250 253 257 259 358

Find the mean and median amount of tax due.

Find the interquartile range of the tax due.

Draw a boxplot of the given data.

Suppose the person with this income tax report was audit¢ldeohRS. How could he or she use this study to his
or her advantage?

a0 op
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16. The following table gives the ages of presidents of the Wn8&ates at their inaugurations.

17.

18.

19.

a. Construct a stem-and-leaf plot of the ages. What can youedeabout the distribution? From the shape of the
distribution, do you expect the median and mean to be abewame, the median to be much greater than the
mean, or the mean to be much greater than the median?

b. Find the mean, median, standard deviation, and interdgsatige.

c. Determine any outliers and potential outliers. Was Pregi@inton especially young when he was inaugurated
compared to the others? Was President Reagan especidly old

Washington 57 Lincoln 52 Hoover 54
J. Adams 61 A. Johnson 56 F. Roosevelt 51
Je erson 57 Grant 46 Truman 60
Madison 57 Hayes 54 Eisenhower 61
Monroe 58 Gar eld 49 Kennedy 43
J.Q. Adams 57 Arthur 51 L. Johnson 55
Jackson 61 Cleveland 47 Nixon 56
Van Buren 54 B. Harrison 55 Ford 61
W. Harrison 68 Cleveland 55 Carter 52
Tyler 51 McKinley 54 Reagan 69
Polk 49 T. Roosevelt 42 G.H.W. Bush 64
Taylor 64 Taft 51 Clinton 46
Fillmore 50 Wilson 56 G.W. Bush 54
Pierce 48 Harding 55

Buchanan 65 Coolidge 51

A large statistics class took an exam. The scores followearmal curve with mean 78 and standard deviation 10.
Students who scored 90 or above got an A on the exam. Thoseaghedsbetween 80 and 90 got a B, between
70 and 80 a C, between 60 and 70 a D, and below 60 an F. Estinegpetbentage of students who got each of the
grades A, B, C,D,and F.

In 1994 the Math SAT scores of male high school students matate followed a normal distribution with mean 500
and standard deviation 120. The Math SAT scores of female $ifool students followed a normal distribution
with mean 460 and standard deviation 110.

a. Estimate the percentage of the young men who scored 800 weafny score above 800 is reported as 800.)
b. Estimate the percentage of the young women who scored 8(fboea

In 2001 the Math ACT scores followed a normal curve with mearad standard deviation 5. What score would
place you in the top 1% (a 99th percentile rank)?






